Fibre Bundles, Jet Manifolds and Lagrangian Theory. 
Lectures for Theoreticians 

G. Sardanashvily 
Department of Theoretical Physics, Moscow State University, Moscow, Russia 



Abstract 



In contrast with QFT, classical field theory can be formulated in a strict mathemati- 
cal way by treating classical fields as sections of smooth fibre bundles. Addressing to 
the theoreticians, these Lectures aim to compile the relevant material on fibre bundles, 
jet manifolds, connections, graded manifolds and Lagrangian theory. They follow the 
perennial course of lectures on geometric methods in field theory at the Department of 
Theoretical Physics of Moscow State University. 
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Chapter 1 

Geometry of fibre bundles 



Throughout the Lectures, all morphisms are smooth (i.e. of class C°°) and manifolds are 
smooth real and finite-dimensional. A smooth real manifold is customarily assumed to be 
Hausdorff and second-countable (i.e., it has a countable base for topology). Consequently, 
it is a locally compact space which is a union of a countable number of compact subsets, 
a separable space (i.e., it has a countable dense subset), a paracompact and completely 
regular space. Being paracompact, a smooth manifold admits a partition of unity by 
smooth real functions. Unless otherwise stated, manifolds arc assumed to be connected 
(and, consequently, arcwise connected). We follow the notion of a manifold without 
boundary. 



1.1 Fibre bundles 

Let Z he a, manifold. By 

TTz-.TZ ^ Z, TT*z : T*Z Z 

are denoted its tangent and cotangent bundles, respectively. Given coordinates {z°') on 
Z, they are equipped with the holonomic coordinates 



{z , zx), z^ — , iju. 



dz'^ 
dz^ 

with respect to the holonomic frames {dx\ and coframcs {dz^} in the tangent and cotan- 
gent spaces to Z, respectively. Any manifold morphism f : Z ^ Z' yields the tangent 
morphism 



Tf -.TZ ^ TZ' z'^ o Tf = ^ 
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Let us consider manifold morphisms of maximal rank. They are immersions (in par- 
ticular, imbcddings) and submersions. An injective immersion is a submanifold, and a 
surjective submersion is a fibred manifold (in particular, a fibre bundle). 

Given manifolds M and N, by the rank of a morphism / : M — > at a point p E M 
is meant the rank of the linear morphism 

Tpf : TpM ^ Tf^,)N. 

For instance, if / is of maximal rank at p G M, then Tpf is injective when dim M < dim 
and surjective when dimA^ < dimM. In this case, / is called an immersion and a 
submersion at a point p e M, respectively. 

Since p — »• rankp/ is a lower semicontinuous function, then the morphism Tpf is of 
maximal rank on an open neighbourhood of p, too. It follows from the inverse function 
theorem that: 

• if / is an immersion at p, then it is locally injective around p. 

• if / is a submersion at p, it is locally surjective around p. 

If / is both an immersion and a submersion, it is called a local diffcomorphism at p. 
In this case, there exists an open neighbourhood U oi p such that f : U ^ f{U) is a 
diffeomorphism onto an open set f{U) C A^. 

A manifold morphism / is called the immersion (resp. submersion) if it is an immersion 
(resp. submersion) at all points of M. A submersion is necessarily an open map, i.e., it 
sends open subsets of M onto open subsets of A^. If an immersion / is open (i.e., / is a 
homeomorphism onto f{M) equipped with the relative topology from A^), it is called the 
imbedding. 

A pair (M, /) is called a submanifold ol N if f is an injective immersion. A submanifold 
(M, /) is an imbedded submanifold if / is an imbedding. For the sake of simplicity, 
we usually identify {M,f) with f{M). U M C N, its natural injection is denoted by 
iM ■■ M ^ N. 

There are the following criteria for a submanifold to be imbedded. 
Theorem 1.1.1. Let (M, /) be a submanifold of A^. 

(i) The map / is an imbedding iff, for each point p e M, there exists a (cubic) 
coordinate chart (V, ^) of A^ centered at f{p) so that /(M) fl V consists of all points of 
V with coordinates {x^, . . . , x"^, 0, . . . , 0). 

(ii) Suppose that / : M — > A^ is a proper map, i.e., the pre-imagcs of compact sets are 
compact. Then (M, /) is a closed imbedded submanifold of A^. In particular, this occurs 
if M is a compact manifold. 

(iii) If dim M — dim A^, then (M, /) is an open imbedded submanifold of A^. □ 
A triple 

n:Y^X, dimA: = n>0, (1.1.1) 

is called a fibred manifold if a manifold morphism tt is a surjective submersion, i.e., the 
tangent morphism Tn : TV TX is a surjection. One says that y is a total space of 
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a fibred manifold (1.1.1), X is its base, tt is a Rbration, and — tt ^{x) is a fibre over 



Any fibre is an imbedded submanifold of Y of dimension dimF — dimX. 

Theorem 1.1.2. A surjection (1.1.1) is a fired manifold iff a manifold Y admits an 
atlas of coordinate charts {Uy^x^^y'^) such that [x^] are coordinates on 7r(?7y) C X and 
coordinate transition functions read 



These coordinates are called fibred coordinates compatible with a fibration tt. □ 

By a local section of a surjection (1.1.1) is meant an injection s : U ^ Y oi an open 
subset U <Z X such that tt o s = Id f/, i.e., a section sends any point x E X into the fibre 
Yx over this point. A local section also is defined over any subset iV e X as the restriction 
to A^" of a local section over an open set containing N . If [/ = X, one calls s the global 
section. Hereafter, by a section is meant both a global section and a local section (over 
an open subset). 

Theorem 1.1.3. A surjection tt (1.1.1) is a fibred manifold iff, for each point y &Y, 
there exists a local section s of it : Y ^ X passing through y. □ 

The range s{U) of a local section s : U — F of a fibred manifold F — > X is an 
imbedded submanifold of Y. It also is a closed map, which sends closed subsets of U onto 
closed subsets of Y. If s is a global section, then s{X) is a closed imbedded submanifold 
of Y. Global sections of a fibred manifold need not exist. 

Theorem 1.1.4. Let Y ^ X he a fibred manifold whose fibres arc diffeomorphic to 
M™. Any its section over a closed imbedded submanifold (e.g., a point) of X is extended 
to a global section. In particular, such a fibred manifold always has a global section. □ 

Given fibred coordinates (C/y; x'^, y*), a section s of a fibred manifold Y ^ X is 
represented by collections of local functions {s* = y^ o s} on 7r([/y). 

A fibred manifold Y ^ X is called a fibre bundle if admits a fibred coordinate atlas 
{{7r~^{U^); x^,y^)} over a cover {7i"~^(f/J} of Y which is the inverse image of a cover 
it = {U^} is a cover of X. In this case, there exists a manifold V, called a typical fibre, 
such that Y is locally diffeomorphic to the sphttings 



xeX. 



X 




y'^ = r{x'^,y^). 



(1.1.2) 



glued together by means of transition functions 



(1.1.3) 



on overlaps U^nU(^. Transition functions fulfil the cocycle condition 



(1.1.4) 
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on all overlaps f/^ fl f/^ fl U^. Restricted to a point x ^ X, trivialization morphisms ijj^ 
(1.1.2) and transition functions (1.1.3) define diffeomorpliisms of fibres 

jjj^ix) -.Y.^V, xe U^, (1.1.5) 
g^^{x) :V ^V, xeU^nU^. (1.1.6) 

Trivialization charts {U^,ip^) together with transition functions q^q (1.1.3) constitute a 
bundle atlas 

^ = m,^^),g^<;} (1.1.7) 

of a fibre bundle Y ^ X. Two bundle atlases are said to be equivalent if their union 
also is a bundle atlas, i.e., there exist transition functions between trivialization charts of 
different atlases. 

A fibre bundle Y ^ X is uniquely defined by a bundle atlas. Given an atlas ^ (1.1.7), 
there is a unique manifold structure on Y for which tt : F X is a fibre bundle with the 
typical fibre V and the bundle atlas ^. All atlases of a fibre bundle are equivalent. 

Remark 1.1.1. The notion of a fibre bundle introduced above is the notion of a 
smooth locally trivial hbrc bundle. In a general setting, a continuous hbre bundle is 
defined as a continuous surjective submersion of topological spaces Y ^ X. A continuous 
map TT : y — > A is called a submersion if, for any point y E Y, there exists an open 
neighborhood U of the point 7r(i/) and a right inverse a : U Y oin such that aoTi(y) = 
i.e., there exists a local section of tt. The notion of a locally trivial continuous hbre bundle 
is a repetition of that of a smooth fibre bundle, where trivialization morphisms ijj^ and 
transition functions are continuous. • 

We have the following useful criteria for a fibred manifold to be a fibre bundle. 

Theorem 1.1.5. If a fibration vr : F X is a proper map, then Y ^ X is a fibre 
bundle. In particular, a fibred manifold with a compact total space is a fibre bundle. □ 

Theorem 1.1.6. A fibred manifold whose fibres are diffeomorphic either to a compact 
manifold or W is a fibre bundle. □ 

A comprehensive relation between fibred manifolds and fibre bundles is given in Re- 
mark 3.1.2. It involves the notion of an Ehresmann connection. 

Unless otherwise stated, we restrict our consideration to fibre bundles. Without a loss 
of generality, we further assume that a cover It for a bundle atlas of F X also is a cover 
for a manifold atlas of the base X. Then, given a bundle atlas ^ (1.1.7), a fibre bundle 
Y is provided with the associated bundle coordinates 

x\y) = {x^o7r){y), y\y) = {y' o i,^){y), yeTi-\U^), 

where x-^ are coordinates onU^ <Z X and y*, called hbre coordinates, are coordinates on 
a typical fibre V. 

The forthcoming Theorems 1.1.7 - 1.1.9 describe the particular covers which one can 
choose for a bundle atlas. Throughout the Lectures, only proper covers of manifolds are 
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considered, i.e., ^ if ( ^ ^. Recall that a cover it' is a refinement of a cover il if, 
for each U' G ii', there exists U E ii such that U' G U. If a fibre bundle Y ^ X has a 
bundle atlas over a cover il of X, it admits a bundle atlas over any refinement of il. 

A fibred manifold Y ^ X is called trivial if Y is diffeomorphic to the product X xV. 
Different trivializations of y — > X differ from each other in surjections Y ^ V. 

Theorem 1.1.7. Any fibre bundle over a contractible base is trivial. □ 

However, a fibred manifold over a contractible base need not be trivial, even its fibres 
are mutually diffeomorphic. 

It follows from Theorem 1.1.7 that any cover of a base X consisting of domains (i.e., 
contractible open subsets) is a bundle cover. 

Theorem 1.1.8. Every fibre bundle Y ^ X admits a bundle atlas over a countable 
cover il of X where each member of il is a domain whose closure is compact. □ 

If a base X is compact, there is a bundle atlas of Y over a finite cover of X which 
obeys the condition of Theorem 1.1.8. 

Theorem 1.1.9. Every fibre bundle Y ^ X admits a bundle atlas over a finite cover 
il of X, but its members need not be contractible and connected. □ 

Morphisms of fibre bundles, by definition, are Gbrewise morphisms, sending a fibre 
to a fibre. Namely, a bundle morphism of a fibre bundle n : Y ^ X to a fibre bundle 
tt' : y — > X' is defined as a pair ($, /) of manifold morphisms which form a commutative 
diagram 

Y' 

t' , Tt' O $ = / O TT. 

X' 

Bundle injections and surjections are called bundle mononiorphisms and epimorphisms, 
respectively. A bundle diffeomorphism is called a bundle isomorphism, or a bundle au- 
tomorphism if it is an isomorphism to itself. For the sake of brevity, a bundle morphism 
over / = Id X is often said to be a bundle morphism over X, and is denoted by Y — > Y'. 

In particular, a bundle automorphism over X is called a vertical automorphism. 

A bundle monomorphism $ : F — > over X is called a subbundle of a fibre bundle 
Y' ^ X if ^{Y) is a submanifold of Y'. There is the following useful criterion for an 
image and an inverse image of a bundle morphism to be subbundles. 

Theorem 1.1.10. Let ^ : Y ^ Y' he a bundle morphism over X. Given a global 
section s of the fibre bundle Y' ^ X such that s{X) C ^{Y), by the kernel of a bundle 
morphism $ with respect to a section s is meant the inverse image 

Ker,$ = ^~\s(X)) 

of s(X) by $. If $ : y — > y is a bundle morphism of constant rank over X, then ^(Y) 
and Ker s$ are subbundles of Y' and Y, respectively. □ 



Y 



X 
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Let us describe the following standard constructions of new fibre bundles from the old 
ones. 

• Given a fibre bundle tt : Y ^ X and a manifold morphism f : X' ^ X , the pull-back 
of y by / is called the manifold 

fY = {{x', y)eX'xY : n{y) = f{x')} (1.1.8) 

together with the natural projection {x',y) — > x'. It is a fibre bundle over X' such that 
the fibre of f*Y over a point x' e X' is that of Y over the point f{x') e X. There is the 
canonical bundle morphism 

fy : rY 3 yy G Y. (1.1.9) 

Any section s of a fibre bundle Y ^ X yields the pull-back section 

rs{x') = {x',s{f{x')) 
of f*Y X'. 

• If X' C X is a submanifold of X and ix' is the corresponding natural injection, then 
the pull-back bundle 

e^,Y = Y\x' 

is called the restriction of a fibre bundle Y to the submanifold X' G X. If X' is an 
imbedded submanifold, any section of the pull-back bundle 

Y\x' ^ X' 

is the restriction to X' of some section of "K — > X. 

• Let IT : Y ^ X and tt' : — > X be fibre bundles over the same base X. Their 
bundle product Y XxY' over X is defined as the pull-back 

YxY' = 7r*Y' or Y xY' = 7r'*Y 

X X 

together with its natural surjection onto X. Fibres of the bundle product YxY' are the 
Cartesian products Y^ x Y^ of fibres of fibre bundles Y and Y'. 
Let us consider the composition 

Trry^E^X (1.1.10) 

of fibre bundles 

tty^-.y^j:, (1.1.11) 

TTsx : S ^ X. (1.1.12) 
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One can show that it is a fibre bundle, called the composite bundle. It is provided with 
bundle coordinates {x^, (T™, y*), where {x^, a"^) are bundle coordinates on the fibre bundle 
(1.1.12), i.e., transition functions of coordinates cr™ are independent of coordinates y\ 

Theorem 1.1.11. Given a composite bundle (1.1.10), let h be a global section of 
the fibre bundle E — > X. Then the restriction 

Y'' = h*Y (1.1.13) 

of the fibre bundle F — S to h{X) C S is a subbundle of the fibre bundle Y ^ X. □ 

Theorem 1.1.12. Given a section h of the fibre bundle S — > X and a section s-£ of 
the fibre bundle y — > E, their composition s — ssohis a section of the composite bundle 
y — > X (1.1.10). Conversely, every section s of the fibre bundle y — > X is a composition 
of the section h — vrys o s of the fibre bundle E — X and some section ss of the fibre 
bundle F — > E over the closed imbedded submanifold h{X) G 12. □ 



1.2 Vector and affine bundles 

A vector bundle is a fibre bundle Y ^ X such that: 

• its typical fibre V and all the fibres Y^ — 7r~^(x), x & X, are real finite-dimensional 

vector spaces; 

• there is a bundle atlas \I' (1.1.7) ofY ^ X whose trivialization morphisms iJj^ (1.1.5) 
and transition functions g^i^ (1.1.6) are linear isomorphisms. 

Accordingly, a vector bundle is provided with linear bundle coordinates (y*) possessing 
linear transition functions y'"^ — A'j{x)y^ . We have 

y = fe,{7r{y)) = y^^^{7r{y))-\e,), 7r{y) G f/g, (1.2.1) 

where {cj} is a fixed basis for the typical fibre V of Y, and {ei{x)} are the fibre bases (or 
the frames) for the fibres Y^ of Y associated to the bundle atlas ^. 

By virtue of Theorem 1.1.4, any vector bundle has a global section, e.g., the canonical 
global zero-valued section 0{x) — 0. Global sections of a vector bundle Y ^ X constitute 
a projective C°°(X)-module Y{X) of finite rank. It is called the structure module of a 
vector bundle. 

Theorem 1.2.1. Let a vector bundle Y ^ X admit m = dimV nowhere vanishing 
global sections Sj which are linearly independent, i.e., A 7^ 0. Then Y is trivial. □ 

Remctrk 1.2.1. Theorem 8.6.3 state the categorial equivalence between the vector 
bundles over a smooth manifold X and projective C°°(X)-modules of finite rank. There- 
fore, the differential calculus (including linear differential operators, linear connections) 
on vector bundles can be algebraically formulated as the differential calculus on these 
modules. • 

By a morphism of vector bundles is meant a linear bundle morphism, which is a 
fibrewise map whose restriction to each fibre is a linear map. 
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Given a linear bundle morphism ^ . Y' ^ Y oi vector bundles over X, its kernel Ker $ 
is defined as the inverse image $^^(0(X)) of the canonical zero-valued section 0(X) of Y. 
By virtue of Theorem 1.1.10, if $ is of constant rank, its kernel and its range are vector 
subbundles of the vector bundles Y' and Y, respectively. For instance, monomorphisms 
and epimorphisms of vector bundles fulfil this condition. 

There are the following particular constructions of new vector bundles from the old 
ones. 

• Let F — > X be a vector bundle with a typical fibre V. By F* — > X is denoted the 
dual vector bundle with the typical fibre V* dual of V. The interior product of Y and 
y* is defined as a fibred morphism 

\:Y®Y* — >X X M. 

• Let y — > X and Y' ^ X he vector bundles with typical fibres V and V, respectively. 
Their Whitney sum y © y is a vector bundle over X with the typical fibre V ® V. 

• Let y — > X and y' ^ X be vector bundles with typical fibres V and V, respectively. 
Their tensor product Y ^Y' is a vector bundle over X with the typical fibre V V. 

X 

Similarly, the exterior product of vector bundles y A y' is defined. The exterior product 
Ay = X X M©y© Ay® • • • Ay, A; = dlmy-dlmX, 

XX X 

is called the exterior bundle. 

Remark 1.2.2. Given vector bundles Y and Y' over the same base X, every hnear 
bundle morphism 

^■.Y,3 {e,{x)} ^ {^K^Kix)} e yj 

over X defines a global section 

^ : X ^ ^^{x)e'{x) (g) e'^(x) 

of the tensor product Y (g) Y'*, and vice versa. • 
A sequence 

Y' ^ > y ^ > Y" 

of vector bundles over the same base X is called exact at Y if Ker j = Imi. A sequence 
of vector bundles 

^ y ^y ^y" ^ (1.2.3) 

over X is said to be a short exact sequence if it is exact at all terms y', Y, and Y". This 
means that i is a bundle monomorphism, j is a bundle epimorphism, and Kerj = Imi. 



(1.2.2) 
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Then Y" is the factor bundle Y/Y' whose structure module is the quotient Y{X)/Y'{X) 
of the structure modules of Y and Y'. Given an exact sequence of vector bundles (1.2.3), 
there is the exact sequence of their duals 

g ^ y"* ) Y* '* ) y'* > 

One says that an exact sequence (1.2.3) is split if there exists a bundle monomorphism 
s -.Y" ^Y such that j o s = IdiY" or, equivalently, 

Y = i{Y') e s{Y") = F' © Y". 

Theorem 1.2.2. Every exact sequence of vector bundles (1.2.3) is split. □ 
The tangent bundle TZ and the cotangent bundle T*Z of a manifold Z exemphfy 
vector bundles. 

Remark 1.2.3. Given an atlas = {(f^t)0j} of a manifold Z, the tangent bundle 
is provided with the holonomic bundle atlas 

^T^m,A-Tcf>,)}, (1.2.4) 

where T^^ is the tangent morphism to (f)^. The associated linear bundle coordinates are 
holonomic (or induced) coordinates (z^) with respect to the holonomic frames {dx} in 
tangent spaces T^Z. • 

The tensor product of tangent and cotangent bundles 

T= (^TZ) ® (|)T*Z), m,keN, (1.2.5) 

is called a tensor bundle, provided with holonomic bundle coordinates Xpl'.'.'.^^ possessing 
transition functions 

dxf^' ' ' ' dx^^^ dx'i^' ' ' ' dx'f^'^ '^i-'^k ■ 

Let TTy : TY — > F be the tangent bundle of a fibre bundle vr : F — » X. Given bundle 
coordinates (x^,7/*) on F, it is equipped with the holonomic coordinates {x^ ,y\x^ ,y'^). 
The tangent bundle TY — > Y has the subbundle VY — Ker (Ttt), which consists of the 
vectors tangent to fibres of Y. It is called the vertical tangent bundle of Y and is provided 
with the holonomic coordinates {x'^,y^,y^) with respect to the vertical frames {di}. Every 
bundle morphism ^ : Y ^ Y' yields the linear bundle morphism over $ of the vertical 
tangent bundles 

:VY ^VY', y" oV^ ^ —y\ (1.2.6) 

t7 



It is called the vertical tangent morphism. 
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In many important cases, the vertical tangent bundle VY — > y of a fibre bundle 
Y ^ X is trivial, and is isomorphic to the bundle product 

VY^YxY (1.2.7) 

X 

where Y ^ X is some vector bundle. It follows that VY can be provided with bundle 
coordinates {x^,y'^,lf') such that transition functions of coordinates are independent of 
coordinates y\ One calls (1-2.7) the vertical splitting. For instance, every vector bundle 
y — > X admits the canonical vertical splitting 

VY = Y®Y. (1.2.8) 

X 

The vertical cotangent bundle V*Y — > y of a fibre bundle Y ^ X is defined as the 
dual of the vertical tangent bundle VY — > Y. It is not a subbundle of the cotangent 
bundle T*Y, but there is the canonical surjection 

C:T*Y3 xxdx'' + ^ My' e V*Y, (1.2.9) 

where {(iy*}, possessing transition functions 

are the duals of the holonomic frames {di\ of VY . 

For any fibre bundle Y, there exist the exact sequences of vector bundles 

^ yy — >TY ^Y xTX (1.2.10) 

X 

Q^Y xT*X ^T*Y ^V*Y ^Q. (1.2.11) 

X 

Their splitting, by definition, is a connection on y — > X. 

For the sake of simphcity, we agree to denote the pull-backs 

y X TX, Y X T*X 

X X 

by TX and T*X, respectively. 

Let Tf : y ^ X be a vector bundle with a typical fibre V . An afRne bundle modelled 
over the vector bundle y — > X is a fibre bundle tt : Y ^ X whose typical fibre V is an 
affine space modelled over V such that the following conditions hold. 

• All the fibres Y^ of Y are affine spaces modelled over the corresponding fibres Y^ of 
the vector bundle Y. 

• There is an affine bundle atlas 



* = {(C/a,Vx),^xC} 
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of Y ^ X whose local trivializations morphisms (1.1.5) and transition functions g^,^ 
(1.1.6) arc affine isomorphisms. 

Dealing with affine bundles, we use only affine bundle coordinates (y*) associated to 
an affine bundle atlas ^. There are the bundle morphisms 

YXY —^Y, {y\f)^y^ + y\ 

X X 

YxY (y\y'^)^f-y'\ 

where (y*) are linear coordinates on the vector bundle Y. 

By virtue of Theorem 1.1.4, affine bundles have global sections, but in contrast with 
vector bundles, there is no canonical global section of an affine bundle. Let n : Y ^ X 
be an affine bundle. Every global section s of an affine bundle Y ^ X modelled over a 
vector bundle Y ^ X yields the bundle morphisms 

Y3y^y-s{7r{y))eY, (1.2.12) 
7 3y^s{7r{y)) + yeY. (1.2.13) 

In particular, every vector bundle Y has a natural structure of an affine bundle due to the 
morphisms (1.2.13) where s = is the canonical zero-valued section of Y. For instance, 
the tangent bundle TX of a manifold X is naturally an affine bundle ATX called the 
affine tangent bundle. 

Theorem 1.2.3. Any affine bundle Y ^ X admits bundle coordinates (x^,y*) with 
linear transition functions y'* = A^j{x)y^ (sec Example 4.8.2). □ 

By a morphism of affine bundles is meant a bundle morphism $ : F — > F' whose 
restriction to each fibre of Y is an affine map. It is called an affine bundle morphism. 
Every affine bundle morphism $ : y — > y' of an affine bundle Y modelled over a vector 
bundle Y to an affine bundle Y' modelled over a vector bundle Y yields an unique hnear 
bundle morphism 



-/ 



. _ . 

$:y^y, y'^o^^—f, (1.2.14) 

called the linear derivative of 

Similarly to vector bundles, if $ : y — ^ y' is an affine morphism of affine bundles of 
constant rank, then $(y) and Kcr $ arc affine subbundles of Y' and Y, respectively. 

Every affine bundle y — > X modelled over a vector bundle y — > X admits the canon- 
icaJ vertical splitting 

VY^YxY. (1.2.15) 

X 



Note that Theorems 1.1.8 and 1.1.9 on a particular cover for bundle atlases remain 
true in the case of linear and affine atlases of vector and affine bundles. 
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1.3 Vector fields 

Vector fields on a manifold Z are global sections of the tangent bundle TZ Z. 

The set T{Z) of vector fields on Z is both a C°°(Z)-module and a real Lie algebra 
with respect to the Lie bracket 

u — u^dx, V — v^d\, 

[v, u] = {v^dxu^" - u^dxv'')d^. 

Given a vector field u on X, a curve 

c : M D (,) ^ Z 

in Z is said to be an integral curve of u if Tc = u{c). Every vector field -u on a manifold Z 
can be seen as an infinitesimal generator of a local one-parameter group of diffcomorphisms 
(a flow), and vice versa. One-dimensional orbits of this group are integral curves of u. A 
vector field is called complete if its flow is a one-parameter group of diffeomorphisms of 
Z. For instance, every vector field on a compact manifold is complete. 

A vector field m on a fibre bundle Y ^ X is called projectable if it projects onto a 
vector field on X, i.e., there exists a vector field r on X such that 

T OTT — TtT O U. 

A projectable vector field takes the coordinate form 

u = u^{x^')dx + u\x^',y^)du T = u^dx. (1.3.1) 

Its flow is a local one-parameter group of automorphisms of Y X over a local one- 
parameter group of diffeomorphisms of X whose generator is r. A projectable vector field 
is called vertical if its projection onto X vanishes, i.e., if it lives in the vertical tangent 
bundle VY. 

A vector field r = r'^^dx on a base X of a fibre bundle Y ^ X gives rise to a vector field 
on Y by means of a connection on this fibre bundle (see the formula (3.1.6)). Nevertheless, 
every tensor bundle (1.2.5) admits the canonical lift of vector fields 

f = T^d, + [a.r-x^-.X- + . . . - d^,T''xX.7, - ■ ■ -l^ttl, (1-3-2) 
where we employ the compact notation 

This lift is functorial, i.e., it is an R-linear monomorphism of the Lie algebra T{X) of 
vector fields on X to the Lie algebra T{Y) of vector fields on Y (see Section 5.1). In 
particular, we have the functorial lift 

f^r^d. + d.r'^x-^^ (1.3.4) 
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of vector fields on X onto the tangent bundle TX and their functorial lift 



d 



(1.3.5) 



dip 



onto the cotangent bundle T*X. 

A fibre bundle admitting functorial hft of vector fields on its base is called the natural 
bundle (see Chapter 5). 

A subbundlc T of the tangent bundle TZ of a manifold Z is called a regular distribution 
(or, simply, a distribution). A vector field u on Z is said to be subordinate to a distribution 
T if it lives in T. A distribution T is called involutive if the Lie bracket of T-subordinate 
vector fields also is subordinate to T. 

A subbundle of the cotangent bundle T*Z of Z is called a codistribution T* on a 
manifold Z. For instance, the annihilator Ann T of a distribution T is a codistribution 
whose fibre over z E Z consists of covectors w G T* such that v\w = for all v eT^. 

Theorem 1.3.1. Let T be a distribution and AnnT its annihilator. Let AAnnT(Z) 
be the ideal of the exterior algebra 0*{Z) which is generated by sections of AnnT — > Z. 
A distribution T is involutive iff the ideal AAnnT(Z) is a differential ideal, i.e., 



The following local coordinates can be associated to an involutive distribution. 

Theorem 1.3.2. Let T be an involutive r-dimensional distribution on a manifold 
Z, dimZ = k. Every point z E Z has an open neighborhood U which is a domain of 
an adapted coordinate chart {z^, - ■ ■ ,z^) such that, restricted to U, the distribution T 
and its annihilator Ann T are spanned by the local vector fields d/dz^, • • • , d/dz^ and the 
one-forms dz'^^'^, . . . , dz^., respectively. □ 

A connected submanifold of a manifold Z is called an integral manifold of a distri- 
bution T on Z if TN C T. Unless otherwise stated, by an integral manifold is meant an 
integral manifold of dimension of T. An integral manifold is called maximal if no other 
integral manifold contains it. The following is the classical theorem of Probenius. 

Theorem 1.3.3. Let T be an involutive distribution on a manifold Z. For any 
z E Z, there exists a unique maximal integral manifold of T through z, and any integral 
manifold through z is its open subset. □ 

Maximal integral manifolds of an involutive distribution on a manifold Z are assembled 
into a regular foliation T oiZ. A regular r-dimensional foliation (or, simply, a foliation) T 
of a A;- dimensional manifold Z is defined as a partition of Z into connected r-dimensional 
submanifolds (the leaves of a foliation) F^, l E I, which possesses the following properties. 
A foliated manifold {Z, J^) admits an adapted coordinate atlas 



(i(AAnnT(Z)) C AAnnT(Z). 



□ 



{{U^;z^;z')}, A = l,...,n-r, 



i = l,...,r. 



(1.3.6) 



16 



CHAPTER 1. GEOMETRY OF FIBRE BUNDLES 



such that transition functions of coordinates z are independent of the remaining coor- 
dinates z^ and, for each leaf F of a fohation J-", the connected components of F (1 are 
given by the equations 2;'^ =const. These connected components and coordinates {z"^) on 
them make up a coordinate atlas of a leaf F. 

It should be emphasized that leaves of a foliation need not be closed or imbedded 
submanifolds. Every leaf has an open tubular neighborhood U, i.e., if z & U, then a leaf 
through z also belongs to U. 

A pair (Z, J-") where JF is a foliation of Z is called a fohated manifold. For instance, 
any submersion f : Z ^ M yields a foliation 

^ {F, ^ f-\p)},^f^z) 

of Z indexed by elements of f{Z), which is an open submanifold of M, i.e., Z f{Z) 
is a fibred manifold. Leaves of this foliation are closed imbedded submanifolds. Such a 
foliation is called simple. It is a fibred manifold over f{Z). Any (regular) foliation is 
locally simple. 



1.4 Exterior and tangent- valued forms 

An exterior r-form on a manifold Z is a section 

(f> = ^(px,...Xrdz^' A • • • A dz^^ 
r! 

r 

of the exterior product A T*Z — > Z, where 

dz^^ A • • • A dz^"- = ^e^i-^'-^i...^^o?x''i (g) • • • (g) dx^\ 

...Xi...\j ... ...Xj ...Xi... ...Xi...Xj ... 

Let 0^{Z) denote the vector space of exterior r-forms on a manifold Z. By definition, 
0^{Z) — C°°{Z) is the ring of smooth real functions on Z. All exterior forms on Z 
constitute the N- graded commutative algebra 0*{Z) of global sections of the exterior 
bundle t\T*Z (1.2.2) endowed with the exterior product 

1 1 

= -i<Px^...Xrdz^' A • • • A dz^\ a = -^a ^,.„^^dz^^ A • • • A dz^% 

t\s\ 

1 Vl...Vr + s J, _ fj^ai A ... A (jz'^''+'' 

Q.]_...ar+ar'v\...Vr'-' Ur+l---'^r+a^^ / \ , 



r\s\{r + s)\ 
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such that 

(j)Aa= A0, 

where the symbol \4>\ stands for the form degree. The algebra 0*{Z) also is provided with 
the exterior differential 

d(p = dz^" A du,(j) = ^du,4>xi...\rdz^ A dz^' A ■ ■ ■ A dz^'' 
which obeys the relations 

dod = 0, d(0 A a) = Aa + A d{a). 

The exterior differential d makes 0*{Z) into a differential graded algebra (henceforth 
DGA) which is the minimal Chevalley-Eilenberg differential calculus 0*A over the real 
ring A = C°°{Z). Its de Rham complex is (8.6.5). 

Given a manifold morphism f : Z ^ Z' , any exterior fc-form on Z' yields the 
pull-back exterior form f*(j) on Z given by the condition 

r<P{v\ v'){z) = <P{Tf{v'), Tf{v^)){f{z)) 

for an arbitrary collection of tangent vectors v^, - ■ ■ ^v'^ G TzZ. We have the relations 

r(0A<7) = />A/v, dr<i>^r{d(i>). 

In particular, given a fibre bundle tt : y — > X, the pull-back onto Y of exterior forms 
on X by TT provides the monomorphism of graded commutative algebras O* (X) — > O* (Y) . 
Elements of its range 7r*0*{X) are called basic forms. Exterior forms 

: r ^ A T*X, = 1^^ ^ dx^i A ... A dx^\ 

r! 

on Y such that u\(j) = for an arbitrary vertical vector field m on F are said to be 
horizontal forms. Horizontal forms of degree n — dim X are called densities. We use for 
them the compact notation 

L = —Lf,^,„^Jx^' A • • • A dx"" ^Cu, £ = Li,„n, 

uj = dx^ A ■ ■ ■ Adx" = ^ta, a^dx^^ A ■ ■ ■ A dx^"" , (1-4.1) 

n! 

where e is the skew-symmetric Levi-Civita symbol with the component e^^...^„ = 1. 
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The interior product (or contraction) of a vector field u and an exterior r-form on a 
manifold Z is given by the coordinate expression 

u\(j)= 1 u^''(p\i...Xk...Xrdz^' A--- Adz " A ■ ■ ■ A dz^"- = 

fe=i ^■ 



(r- 1)! 

where the caret ^ denotes omission. It obeys the relations 

(t){ui,...,Ur) ^Ur\ ■■■Ui\4), 

u\{(t)Aa) =itj0A(T + (-l)l'^l0AitJ(T. 

The Lie derivative of an exterior form along a vector field u is 

= -uj (i0 + d{u\ 0) , 
L„(0 A cr) = Aa + (f) A L^cr. 

It is a derivation of the graded algebra 0*{Z) such that 

In particular, if / is a function, then 
L«/ = = u\df. 

An exterior form is invariant under a local one-parameter group of diffeomorphisms 
G{t) of Z (i.e., G{t)*(f) — (j)) iff its Lie derivative along the infinitesimal generator u of this 
group vanishes, i.e., Lu0 = 0. 

A tangent-valued r-form on a manifold Z is a section 

= l\K...xM' ^■■•^ ^-^^^ ® (1-4-2) 
of the tensor bundle 

AT*Z ®TZ ^ Z. 

Remcirk 1.4.1. There is one-to-one correspondence between the tangent- valued one- 
forms on a manifold Z and the linear bundle endomorphisms 

$:TZ ^TZ, $:T,Z 3v -^v\ (f){z) G T,Z, (1.4.3) 
:T*Z -^T*Z, $* ■.T*Z 3 V* ^ (l){z)\v* eT^Z, (1.4.4) 

over Z (see Remark 1.2.2). For instance, the canonical tangent-valued one-form 

0z = dz^ ® dx (1.4.5) 
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on Z corresponds to the identity morphisms (1.4.3) and (1.4.4). • 

Remark 1.4.2. Let Z = TX, and let TTX be the tangent bundle of TX. There is 
the bundle endomorphism 

Jidx) = 9a, J(9a) = (1.4.6) 

of TTX over X. It corresponds to the canonical tangent- valued form 

Oj = dx^ (8) (1.4.7) 

on the tangent bundle TX. It is readily observed that J o J = 0. • 

The space 0*{Z) T(Z) of tangent- valued forms is provided with the Frolicher- 
Nijenhuis bracket 

[ , ]fn : O'-iZ) ® T{Z) X 0%Z) ® T{Z) ^ 0''+^(Z) (g) r(Z), 
[a (8) /? (8) vIfn = (a a /?) ® [m, + (a A L„/5) O w - (1.4.8) 
(L^a A /?) (g) M + {-iy{da A mJ/S) O + (-1)''('uJq; A df3) li, 

a e C>"(Z), /3 e 0'{Z), u,v e T{Z). 
Its coordinate expression is 

''''4'\^...\r-lV^>^r^\r+l-\r+s ~^ "5'^vA^+2 • • • A^+s + 1 *i^Al . . . Ar ) 

dz^^ A • • • A ^2;^'-+^ (8) d^, 
(t)eO'{Z)®T{Z), a eO'{Z)®T{Z). 

There are the relations 

[0,a]FN = (-l)''^"'^i+'[a,0]FN, (1.4.9) 

\4>, k,^^]FN]FN = [I0,(t]fn,^]fn + (-l)l^ll'^l[a, [(;6,^^]fn]fn, (1.4.10) 
(t),a,e eO*{Z)®T{Z). 

Given a tangent- valued form 9, the Nijenhuis diiferential on 0*{Z) (8) ^('^) is defined 
as the morphism 

de-.^lj^de^^ [6, V'Ifn, V' e 0*(Z) ® r(Z). 

By virtue of (1.4.10), it has the property 

d^iP, 0U = KV', ^]fn + (-l)l'^ll'^l d^0U. 
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In particular, if 9 — u is a, vector field, the Nijenhuis differential is the Lie derivative of 
tangent-valued forms 

L„(7 = duO- = [U, 0-]fn = ^(w"f5i.0-Ai...A, - + 

s(^vx^...\s^\y)dx^^ A • • • A dx^^ ®d^, a e 0'{Z) ® r{Z). 

Let y X be a fibre bundle. We consider the following subspaces of the space 
0*{Y) (g) T(Y) of tangent-valued forms on Y: 

• horizontal tangent-valued forms 

(f):Y ^AT*X®TY, 

Y 

ct> = dx^^ A • • • A dx^^ ® l-^iK-xM^i^ + <t^x,...xM^i\^ 

• projectable horizontal tangent-valued forms 

<f> = dx'^ A • • • A dx'^ ® l.[^>;^^^^{x)d, + <P\„„xMdi], 

• vertical-valued form 

: F ^ A T*X I VY, 

• vertical-valued one-forms, called soldering forms, 
a ^ a{{y)dx^ ® di, 

• basic soldering forms 
a = a\{x)dx^ ® di. 

Remark 1.4.3. The tangent bundle TX is provided with the canonical soldering 
form 9 J (1.4.7). Due to the canonical vertical splitting 

VTX ^TXx TX, (1.4.11) 

X 

the canonical soldering form (1.4.7) on TX defines the canonical tangent-valued form 9x 
(1.4.5) on X. By this reason, tangent-valued one-forms on a manifold X also are called 
soldering forms. • 

Remark 1.4.4. Let y — > X be a fibre bundle, f : X' ^ X & manifold morphism, 
f*Y X' the pull-back of F by /, and 

fy :f*Y^Y 
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the corresponding bundle morphism (1.1.9). Since 

VfY = fVY = fyVY, VyY' = Vf,(y,)Y, 

one can define the pull-hack onto f*Y of any vertical- valued form on F in accordance 
with the relation 

V^W) = <P{Tfy{v'), Tfy{v^)){fy{y')). 



We also mention the TX- valued forms 

: y ^ A T*X ® TX, (1.4.12) 

Y 

and y*y-valued forms 

(b-.Y ^AT*X0V*Y, (1.4.13) 

Y 

= ^(p\i...\ridx^' A ■ ■ ■ A dx^^ ® dy\ 
r! 

It should be emphasized that (1.4.12) are not tangent- valued forms, while (1.4.13) arc not 
exterior forms. They exemplify vector-valued forms. Given a vector bundle £^ ^ X, by a 
valued /c-form on X, is meant a section of the fibre bundle 

(AT*X)®E* X. 

X 
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Chapter 2 
Jet manifolds 



There are different notions of jets. Here we are concerned with jets of sections of fibre 
bundles. They are the particular jets of maps and the jets of submanifolds. Let us also 
mention the jets of modules over a commutative ring. In particular, given a smooth 
manifold X, the jets of a projective C°°(X)-module P of finite rank are exactly the jets 
of sections of the vector bundle over X whose module of sections is P in accordance with 
the Serre-Swan Theorem 8.6.3. The notion of jets is extended to modules over graded 
commutative rings. However, the jets of modules over a noncommutative ring can not be 
defined. 

2.1 First order jet manifolds 

Given a fibre bundle Y ^ X with bundle coordinates {x^,y^), let us consider the equiva- 
lence classes j^s of its sections s, which are identified by their values s*(a;) and the values 
of their partial derivatives d^s^{x) at a point x G X. They are called the first order jets of 
sections at x. One can justify that the definition of jets is coordinate- independent. The 
key point is that the set J^Y of first order jets j^s, x & X, is a smooth manifold with 
respect to the adapted coordinates {x^,y'',y\) such that 



It is called the first order jet manifold of a fibre bundle Y ^ X. We call {y\) the jet 
coordinates. 

The jet manifold J^Y admits the natural fibrations 



yi{jls)^d,s'{x), 




id, + y%)y'\ 



(2.1.1) 



TT^ : J^Y 3 jls ^xeX, 
4 : J'Y 3 jls ^ s(x) e Y. 



(2.1.2) 
(2.1.3) 
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A glance at the transformation law (2.1.1) shows that tTq is an affine bundle modelled over 
the vector bundle 

T*X^VY ^Y. (2.1.4) 

Y 

It is convenient to call (2.1.2) the jet bundle, while tTq (2.1.3) is said to be the affine 
jet bundle. 

Let us note that, if F — > X is a vector or an affine bundle, the jet bundle tti (2.1.2) is 

so. 

Jets can be expressed in terms of familiar tangent-valued forms as follows. There are 
the canonical imbeddings 

Am : J^Y ^T*X®TY, 

A(i) = dx^ ® {dx + y\di) = dx^ ® dx, (2.1.5) 
: J^Y ^T*Y(^VY, 

( > Y Y 

0(1) = {dy' - y\dx^) ®di^e'® di, (2.1.6) 

where d\ are called total derivatives, and 9^ are local contact forms. 

Remark 2.1.1. We further identify the jet manifold J^Y with its images under the 
canonical morphisms (2.1.5) and (2.1.6), and represent the jets j^s = {x^ , y'' , y^^^) by the 
tangent-valued forms A(i) (2.1.5) and ^^(i) (2.1.6). • 

Any section sofY^X has the jet prolongation to the section 

{J's){x)^jls, y{oj's^dxs\x), 

of the jet bundle J^Y X. A section of tlie jet bundle J^Y X is called integrable if 
it is the jet prolongation of some section oiY^X. 

Remark 2.1.2. By virtue of Theorem 1.1.4, the affine jet bundle J^Y — > Y admits 
global sections. If Y is trivial, there is the canonical zero section 0{Y) of J^Y Y taking 
its values into centers of its affine fibres. • 

Any bundle morphism ^ : Y ^ Y' over a diffeomorphism / admits a jet prolongation 
to a bundle morphism of affine jet bundles 

: J'Y ^ J^Y', y'\ o = (2-1-7) 

Any projectable vector field u (1.3.1) on a fibre bundle Y ^ X has a jet prolongation 
to the projectable vector field 

J^u = ri o J^u : J^Y J^TY TJ% 

J\ = u^dx + u% + {dxu' - yidxu^)d^, (2.1.8) 
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(2.1.9) 



2.2 Higher order jet manifolds 

The notion of first jets of sections of a fibre bundle is naturally extended to higher order 
jets. 

Let y — > X be a fibre bundle. Given its bundle coordinates {x^,y^). a multi-index 
A of the length |A| = k throughout denotes a collection of indices (Ai...A^.) modulo 
permutations. By A + S is meant a multi- index (Ai . . . AfcCXi . . . ar). For instance A + A = 
(AAi...Ar). By AE is denoted the union of collections (Ai . . . A^; ai . . . ar) where the indices 
Aj and aj are not permitted. Summation over a multi-index A means separate summation 
over each its index Aj. We use the compact notation 

dA^dx^o-'-odx,, A = (Ai...Afe). 

The r-order jet manifold J^Y of sections of a bundle Y ^ X is defined as the disjoint 
union of equivalence classes j^s of sections s oiY ^ X such that sections s and s' belong 
to the same equivalence class j^s iff 



In brief, one can say that sections oi Y ^ X are identified by the r + 1 terms of their 
Taylor series at points of X. The particular choice of coordinates does not matter for this 
definition. The equivalence classes j^s arc called the r-order jets of sections. Their set 
J^Y is endowed with an atlas of the adapted coordinates 



s'{x) = s'\x), 



dAs'{x) = dAs'\x), 



< lAI < r. 



yios^dAs'ix), < |A| < r, 



(2.2.1) 
(2.2.2) 




where the symbol dx stands for the higher order total derivative 



dx-dx+ E VA+xdt d'x^—-A 



(2.2.3) 



0<|A|<r-l 



These derivatives act on exterior forms on J^Y and obey the relations 



[dx, rf^] = 0, dxod^do dx, 

dx{(t> A (j) = dx{(t>) A (7 + A dx{(7), dx{d(f)) = d{dx{(f))), 
dxidx^) = 0, dxidyi) = dy{^^. 
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We use the compact notation 

dA = dx, o ■ ■ ■ odx-,, A={\r...Xi). 

The coordinates (2.2.1) bring the set J^Y into a smooth finite-dimensional manifold. 
The coordinates (2.2.1) are compatible with the natural surjections 

ttI : rY J% r>k, 

which form the composite bundle 

~r — 1 1 

. jry J^-^Y ''~^) • • • ° > Y ^ ) X 

with the properties 

°^fc = TT OTT^ =7r . 

A glance at the transition functions (2.2.2) shows that the fibration 

is an affine bundle modelled over the vector bundle 

\JT*X VY ^ r-^Y. (2.2.4) 

jr-ly 

Remcirk 2.2.1. Let us recall that a base of any affine bundle is a strong deformation 
retract of its total space. Consequently, y is a strong deformation retract of J^Y , which 
in turn is a strong deformation retract of J^Y , and so on. It follows that a fibre bundle Y 
is a strong deformation retract of any finite order jet manifold J^Y . Therefore, by virtue 
of the Vietoris-Begle theorem, there is an isomorphism 

H*{rY; R) = H*{Y; R) (2.2.5) 

of cohomology of J^Y and Y with coefficients in the constant sheaf M. • 

Remark 2.2.2. To introduce higher order jet manifolds, one can use the construction 

of repeated jet manifolds. Let us consider the r-ordcr jet manifold J'^J^Y of a jet bundle 
J'^Y X. It is coordinated by (x^tVI^a): \M ^ ^> 1^1 ^ ^- There is a canonical 
monomorphism 

ark ■■ J^'^^'^Y rj% y\.^ o ark = vh+A- 

In the calculus in higher order jets, we have the r-order jet prolongation functor such 
that, given fibre bundles Y and Y' over X, every bundle morphism $ : y — > y over a 
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diffeomorphism f oi X admits the r-order jet prolongation to a morphism of r-order jet 
manifolds 

: rr 3 jis ^ o s o r^) e rr. (2.2.6) 

The jet prolongation functor is exact. If $ is an injection or a surjection, so is J^$. It also 
preserves an algebraic structure. In particular, if y — > X is a vector bundle, J^Y ^ X 
is well. If y — X is an affine bundle modelled over the vector bundle Y ^ X, then 
J^Y — X is an affine bundle modelled over the vector bundle J^Y X. 

Every section s of a fibre bundle Y ^ X admits the r-order jet prolongation to the 
integrable section {J^s){x) = j^s of the jet bundle J^Y — > X. 

Let 01 — 0*{J^Y) be the DGA of exterior forms on a jet manifold J^Y . Every 
exterior form on a jet manifold J^Y gives rise to the pull-back form 7r^"'"'*0 on a jet 
manifold J^^'^Y . We have the direct sequence of C°°(X)-algebras 

« _1* 2* * 

o*{x) ^o*{Y) -^oi ^o;. 

Remark 2.2.3. By virtue of de Rham Theorem 8.6.4, the cohomology of the de 
Rham complex of equals the cohomology H*{J'^Y]'R) of J'^Y with coefficients in the 
constant sheaf M. The latter in turn coincides with the sheaf cohomology H*{Y; M) of Y 
(see Remark 2.2.1) and, thus, it equals the de Rham cohomology H^j^^{Y) of Y. • 

Given a k-order jet manifold J''Y of y — > X, there exists the canonical bundle mor- 
phism 

r(fe) : J'^TY TJ^Y 

over a surjection 

jky X j^TX J^Y X TX 

X X 

whose coordinate expression is 

y\ ° Hk) = (2/Oa - E(2/%+i^(^'')- < |A| < k, 

where the sum is taken over all partitions E -|- S = A and < |S|. In particular, we have 
the canonical isomorphism over J^Y 

r(fe) : J^'VY ^ VJ'^Y, {y% = yi o r(,). (2.2.7) 

As a consequence, every projectable vector field u (1.3.1) on a fibre bundle y — > X has 
the following k-order jet prolongation to a vector field on J'^Y: 

J^u = r(fc) o Jf'u : J'^Y TJ% 

J''u = u'dx + u%+ J2 K(M*-|/X)+2/;+A«^)af, (2.2.8) 

0<|A|<fe 
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(cf. (2.1.8) for k = 1). In particular, the /c-order jet prolongation (2.2.8) of a vertical 
vector field u — u^di on y ^ X is a vertical vector field 

J^u^u'di^ dAu'dj" (2.2.9) 

0<|A|<fe 

on J^F X due to the isomorphism (2.2.7). 

A vector field Ur on an r-order jet manifold J^Y is called projectable if, for any k < r, 
there exists a projectable vector field on J^Y such that 

A projectable vector field Uk on J'^Y has the coordinate expression 

0<|A|<fe 

such that u\ depends only on coordinates x'^ and every component u\ is independent 
of coordinates y^, |S| > |A|. In particular, the /c-order jet prolongation J^u (2.2.8) of a 
projectable vector field on F is a projectable vector field on J'^Y. It is called an integrable 
vector Geld. 

Let V'' denote a vector space of projectable vector fields on a jet manifold J^Y. It is 
easily seen that is a real Lie algebra and that the morphisms Ttt^, k < r, constitute 
the inverse system 

pO ^ . . . pr-l (2.2.10) 

of these Lie algebras. One can show the following. 

Theorem 2.2.1. The A:-ordcr jet prolongation (2.2.8) is a Lie algebra monomorphism 
of the Lie algebra of projectable vector fields on F — > X to the Lie algebra of 
projectable vector fields on J^Y such that 

TTil{ru) = j'^uoTil. (2.2.11) 

□ 

Every projectable vector field Uk on J^Y is decomposed into the sum 

Uk^j\TT:^^{uk))+Vk (2.2.12) 

of the integrable vector field J^{TT^^{uk)) and a projectable vector field V}. which is vertical 
with respect to a fibration J'^Y Y . 

Similarly to the canonical monomorphisms (2.1.5) - (2.1.6), there are the canonical 
bundle monomorphisms over J^Y: 

\k) : J'^^^Y — >T*X ® TJ% 

A(fe) = dx^ ® dx, (2.2.13) 
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9(k) : J'^+^y — ^T*J''Y O VJ% 

Oik) = E (dVA - y^Adx') ® . (2.2.14) 

|A|<fc 

The one-forms 

9i = dy\-yl^j,dx' (2.2.15) 

are called the local contact forms. The monomorphisms (2.2.13) - (2.2.14) yield the 
bundle monomorphisms over J'^^^Y: 

X(k) : TX X J*^+^y — ^ TJ''Y x 

^ ' X Jky 

e<k) ■■ v*j^Y X — >T*j^Y X j^+^y 

jfey jfcy 

(cf. (3.2.1) - (3.2.2) for k = 1). These monomorphisms in turn define the canonical 
horizontal splittings of the pull-back bundles 

T^k+urpjky ^X(k)(TX X J''+^Y) © VJ^ (2.2.16) 

^ ' X jfc+iy 

^'^A + E va^- = i'd, + E (^X - i'yUA)dt 

\A\<k \A\<k 



T^k+i*rp*jkY ^j^*X © e<k){V*j''Y X J*^+^r), (2.2.17) 

jfc+ly Jky 



k+l*rp* jk\^ T* v m S.-.f^/* T^Y X J^*^'''"'^^ 

\A\<k \A\<k 



For instance, it follows from the canonical horizontal sphtting (2.2.16) that any vector 
field Uk on fiY admits the canonical decomposition 

Uk^UH + uv^ (u^dx + E yi+Adh + (2.2.18) 

|A|<fc 

E i< - AUa)^^ 

|Al<fc 

over J'^'^^Y into the horizontal and vertical parts. 

By virtue of the canonical horizontal splitting (2.2.17), every exterior one- form (f) on 
J^Y admits the canonical splitting of its pull-back onto J^^^Y into the horizontal and 
vertical parts: 

= + 0y = /io0 + (0 - /io(0)), (2.2.19) 
where is the horizontal projection 

ho{dx^) = dx\ ho{dy{^...J = yix^.-.x^dx^" . 
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The vertical part of the sphtting is called a contact one-form on J'^^^Y . 

Let us consider an ideal of the algebra of exterior forms on J^Y which is generated 
by the contact one-forms on J^Y . This ideal, called the ideal of contact forms, is locally 
generated by the contact forms 9\ (2.2.15). One can show that an exterior form on the 
a manifold J^Y is a contact form iff its pull-back s*(f) onto a base X by means of any 
integrable section s of J'^Y X vanishes. 



2.3 Differential operators and equations 

Jet manifolds provides the conventional language of theory of differential equations and 
differential operators if they need not be linear. 

Definition 2.3.1. A system of k-order partial differential equations on a fibre bundle 
y — > X is defined as a closed subbundle 2 of a jet bundle J''Y — > X. For the sake of 
brevity, we agree to call S a differential equation. □ 

By a classical solution of a differential equation <E on Y ^ X is meant a section s of 
F — > X such that its /c-order jet prolongation J^s lives in (B. 

Let J''Y be provided with the adapted coordinates {x'^,y\). There exists a local 
coordinate system (z^), A — 1, . . . , codim^, on J'^Y such that € is locally given (in the 
sense of item (i) of Theorem 1.1.1) by equations 

S^(x^,yi)^0, A = l,...,codime (2.3.1) 

Differential equations are often associated to differential operators. There are several 
equivalent definitions of differential operators. 

Definition 2.3.2. Let Y X and E ^ X he fibre bundles, which are assumed to 
have global sections. A k-order E-valued differential operator on a fibre bundle Y ^ X 
is defined section S of the pull-back bundle 

pri : E!^ = J'^Y xE^ j'^Y. (2.3.2) 

□ 

Given bundle coordinates {x^,y^) on Y and (a;^,x") on E, the pull-back (2.3.2) is 
provided with coordinates {x^,y-^,x"'), < |S| < k. With respect to these coordinates, 
a differential operator S seen as a closed imbedded submanifold £ C Ey is given by the 
equalities 

X^ = £''{x\y^^). (2.3.3) 

There is obvious one-to-one correspondence between the sections S (2.3.3) of the fibre 
bundle (2.3.2) and the bundle morphisms 

$ : J'^Y — >E, (2.3.4) 

$ = pr2 o £: <^ £: = (Id J% $). 
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Therefore, we come to the following equivalent definition of differential operators on y — > 
X. 

Definition 2.3.3. Let Y ^ X and E ^ X he fibre bundles. A bundle morphism 
jky E over X is called a E-valued k-order differential operator on y — > X. □ 

It is readily observed that the differential operator $ (2.3.4) sends each section s of 
y — > X onto the section $ o J*^s of — > X. The mapping 

A^:SiY)^SiE), 

is called the standard form of a differential operator. 

Let e be a global section of a fibre bundle E ^ X, the kernel of a E-valued differential 
operator $ is defined as the kernel 

Ker ^ ^~\e{X)) (2.3.5) 

of the bundle morphism $ (2.3.4). If it is a closed subbundle of the jet bundle J'^Y — > X, 
one says that Ker e$ (2.3.5) is a differential equation associated to the differential operator 
By virtue of Theorem 1.1.10, this condition holds if $ is a bundle morphism of constant 
rank. 

If — > X is a vector bundle, by the kernel of a valued differential operator is usually 
meant its kernel with respect to the canonical zero- valued section oi E ^ X. 

In the framework of Lagrangian formalism, we deal with differential operators of the 
following type. Let 

F^Y ^X, E^Y ^X 

be composite bundles where E ^Y is a, vector bundle. By a A;-order differential operator 
on F — > X taking its values into E ^ X is meant a bundle morphism 

$ : J^F -^E, (2.3.6) 

which certainly is a bundle morphism over X in accordance with Definition 2.3.3. Its 
kernel Ker $ is defined as the inverse image of the canonical zero- valued section of £^ — > y . 
In an equivalent way, the differential operator (2.3.6) is represented by a section of the 
vector bundle 

jkp xE^ J^F. 

Y 

Given bundle coordinates (x^, y\ w^) on F and {x^, y', c^) on E with respect to the fibre 
basis {ca} for E ^ Y, this section reads 



£^^S^(x\yi,wl)eA, < |A| < A;. 



(2.3.7) 
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Then the differential operator (2.3.6) also is represented by a function 

£^ = S^{x\ yl, wl)cA e C^{F x E*) (2.3.8) 

on the product F Xy E*, where E* ^ Y is the dual of E Y coordinated by {x'^, y^, ca). 

If F — > y is a vector bundle, a differential operator $ (2.3.6) on the composite bundle 
F — > y — > X is called linear if it is linear on the fibres of the vector bundle J'^F — > J'^Y. 
In this case, its representations (2.3.7) and (2.3.8) take the form 

S^^ ^ S,^'^{x\yX)w'^eA, < |A| < A;, (2.3.9) 

0<|S|<jt 

S^^ S^'^{x^,yi)wLcA, 0<|A|<A;. (2.3.10) 

0<|S|<it 

2.4 Infinite order jet formalism 

The finite order jet manifolds J''Y of a fibre bundle Y ^ X form the inverse sequence 

Y^J^Y< r-^Y^'^rYi , (2.4.1) 

where 7rJ!_i are affine bundles modelled over the vector bundles (2.2.4). Its inductive hmit 
J°°Y is defined as a minimal set such that there exist surjections 

7r~ : J°°Y ^X, TT^ : J^Y ^Y, : J°°Y J^Y, (2.4.2) 

obeying the relations tt^ = vr^ o tt^ for all admissible k and r < k. A projective limit of 
the inverse system (2.4.1) always exists. It consists of those elements 

( . . . , , . . . , , . . . ) , Zj- & J Y^ Zk & J Y^ 

of the Cartesian product H J^Y which satisfy the relations Zj. — 'K^{zk) for all k > r. One 

k 

can think of elements of J°°Y as being infinite order jets of sections of y — > X identified 
by their Taylor series at points of X. 

The set J'^Y is provided with the projective limit topology. This is the coarsest 
topology such that the surjections tt^ (2.4.2) are continuous. Its base consists of inverse 
images of open subsets of J^Y, r — 0, . . ., under the maps tt^. With this topology, 
J°°Y is a paracompact Frechet (complete metrizable) manifold modelled over a locally 
convex vector space of number series {a'^, a*, a\, ■ ■ ■}. It is called the inGnite order jet 
manifold. One can show that the surjections tt^ are open maps admitting local sections, 
i.e., J°°Y — > J^Y are continuous bundles. A bundle coordinate atlas {Uy , {x'^ , y^)} of 
y — > X provides J°°Y with the manifold coordinate atlas 

{i.O-\UYl {x\y\)}o<\K\. y'l+A = Q^xd^y'l (2-4-3) 



2.4. INFINITE ORDER JET FORMALISM 



33 



Theorem 2.4.1. A fibre bundle y is a strong deformation retract of the infinite order 
jet manifold J°°Y. a 

Corollary 2.4.2. There is an isomorphism 

H*{J°°Y; R) = H*{Y; R) (2.4.4) 

between cohomology of J°°Y and Y with coefficients in the sheaf R. □ 

The inverse sequence (2.4.1) of jet manifolds yields the direct sequence of DGAs O* 
of exterior forms on finite order jet manifolds 

o*{x) ^ o*{Y) — c; — ^ • • • , (2.4.5) 

where 7rJ!_i* are the pull-back monomorphisms. Its direct limit 

0*^Y=\knO; (2.4.6) 

exists and consists of all exterior forms on finite order jet manifolds modulo the pull-back 
identification. In accordance with Theorem 8.1.5, O'^Y is a DGA which inherits the 
operations of the exterior differential d and exterior product A of exterior algebras O*. If 
there is no danger of confusion, we denote = ^l^X ■ 

Theorem 2.4.3. The cohomology H*{OU of the de Rham complex 

O^^^Ol (2.4.7) 

of the DGA O*^ equals the de Rham cohomology H^ySX) of ^- 

Corollary 2.4.4. Any closed form e is decomposed into the sum = cr-l-fi^, 
where cr is a closed form on F. □ 

One can think of elements of O*^ as being differential forms on the infinite order jet 
manifold J°°Y as follows. Let O* be a sheaf of germs of exterior forms on J^Y and the 
canonical presheaf of local sections of O*. Since Trl_i are open maps, there is the direct 
sequence of presheaves 

Its direct limit D*^ is a presheaf of DGAs on J°°Y. Let be the sheaf of DGAs of 
germs of on J°°Y. The structure module 

Ql = r(n:,) (2.4.8) 

of global sections of 0^ is a DGA such that, given an element e Q*^ and a point 
z G J°°Y, there exist an open neighbourhood U oi z and an exterior form (p^'^^ on some 
finite order jet manifold J'^Y so that 
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Therefore, one can regard as an algebra of locally exterior forms on finite order jet 
manifolds. There is a monomorphism O^^ Q^. 

Theorem 2.4.5. The paracompact space J°°Y admits a partition of unity by elements 
of the ring Q^. □ 

Since elements of the DGA are locally exterior forms on finite order jet manifolds, 
the following Poincare lemma holds. 

Lemma 2.4.6. Given a closed element G Q^, there exists a neighbourhood U of 
each point z G J'^Y such that (f)\u is exact. □ 

Theorem 2.4.7. The cohomology H*{Ql^) of the de Rham complex 

O^R^Ql ^Ql (2.4.9) 

of the DGA Q*^ equals the de Rham cohomology of a fibre bundle Y. □ 

Due to a monomorphism — > Q^, one can restrict to the coordinate chart 
(2.4.3) where horizontal forms dx^ and contact one-forms 

make up a local basis for the Oj^-algebra O*^. Though J°°Y is not a smooth manifold, 
elements of are exterior forms on finite order jet manifolds and, therefore, their 
coordinate transformations are smooth. Moreover, there is the canonical decomposition 

of into O^-modules of /c-contact and m-horizontal forms together with the 

corresponding projectors 

Accordingly, the exterior differential on is decomposed into the sum 

d — dv -\- dn 
of the vertical differential 

dvohr ^hTodohr, dy(0) = A 9f 0, (t>&o*^, 

and the total differential 

dH o hk = hko do hk, dn o ho = ho o d, dH{4>) = dx^ h dx{4>), 

where 

dx = dx + y\d,+ Y.y\+Kdt (2.4.10) 

0<|A| 
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are the infinite order total derivatives. They obey the nilpotent conditions 

dn o dn = 0, dy o dy = 0, dH o dy + dy o dn = 0, (2.4.11) 

and make into a bicomplex. 

Let us consider the O^-module f of derivations of the real ring O^. 

Theorem 2.4.8. The derivation module X)0^ is isomorphic to the O^-dual (C^)* 
of the module of one-forms O^. □ 

One can say something more. The DGA 0^ is a minimal Chevalley-Eilenberg differ- 
ential calculus 0*A over the real ring A = of smooth real functions on finite order jet 
manifolds of F — > X. Let i^J^, G f C^, 4> G denote the interior product. Extended 
to the DGA O^, the interior product J obeys the rule 



^\ {(j)Aa) = (^?J0) A a + (-l)l'^l(/. A {^\a). 

Restricted to a coordinate chart (2.4.3), is a free C^-module generated by one- 
forms dx^, 9\. Since = [O]^)*, any derivation of the real ring 0^ takes the coordi- 
nate form 

1? = ^^dx + ^'di + ^A^t (2.4.12) 

0<|A| 

dHy'^) = dt\dyi = Sl6i 

^/A _ ^^^^ ^/i _ ^ ^^M^ 

\4^\A\ 9yi dxi^ 

Any derivation 'd (2.4.12) of the ring yields a derivation (called the Lie derivative) 
of the DGA given by the relations 

L^(/) = i?J# + d(i?j0), 

L^{(f) A 0') = L^((/)) A 0' + A L^((/)'). 

Remcirk 2.4.1. In particular, the total derivatives (2.4.10) are defined as the local 
derivations of and the corresponding Lie derivatives 

of Ol^. Moreover, the C°°(X)-ring possesses the canonical connection 

V = ® dx (2.4.14) 



in the sense of Definition 8.2.4. • 



CHAPTER 2. JET MANIFOLDS 



Chapter 3 

Connections on fibre bundles 



There are several equivalent definitions of a connection on a fibre bundle. We start with 
the traditional notion of a connection as a splitting of the exact sequences (1.2.10) - 
(1.2.11), but then follow its definition as a global section of an affine jet bundle. In the 
case of vector bundles, there is an equivalent definition (8.6.3) of a linear connection on 
their structure modules. 



3.1 Connections as tangent-valued forms 

A connection on a fibre bundle Y ^ X is defined traditionally as a linear bundle monomor- 
phism 

T -.Y xTX -^TY, (3.1.1) 

X 

r:x^dx^x\dx + r\di), 

over Y which splits the exact sequence (1.2.10), i.e., 
tttoT = ld(Y xTX). 

X 

This is a definition of connections on fibred manifolds (see Remark 3.1.2). 

By virtue of Theorem 1.2.2, a connection always exists. The local functions T\{y) 
in (3.1.1) are said to be components of the connection F with respect to the bundle 

coordinates (x^.y^) onY^X. 

The image oiYxTX by the connection F defines the horizontal distribution HY C TY 
which sphts the tangent bundle TY' as follows: 

TY ^ HY®VY, (3.1.2) 

Y 

x^d^ + y% = x\d^ + r{di) + if - x^r\)di. 
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Its annihilator is locally generated by the one-forms dy^ — r\dx^. 
Given the horizontal splitting (3.1.2), the surjection 

r-.TY^VY, for^f-r\x\ (3.1.3) 

defines a connection on F — X in an equivalent way. 

The linear morphism F over Y (3.1.1) yields uniquely the horizontal tangent-valued 
one-form 

r = dx^®{dx + r\di) (3.1.4) 

on Y which projects onto the canonical tangent-valued form 9x (1.4.5) on X. With this 
form called the connection form, the morphism (3.1.1) reads 

Given a connection T and the corresponding horizontal distribution (3.1.2), a vector 
field w on a fibre bundle Y ^ X is called horizontal if it lives in HY. A horizontal vector 
field takes the form 

u = u\y){dx + T\di). (3.1.5) 

In particular, let r be a vector field on the base X. By means of the connection form F 
(3.1.4), we obtain the projectable horizontal vector field 

Ft = tJF = t^(9a + F19,) (3.1.6) 

on y, called the horizontal lift of r by means of a connection F. Conversely, any pro- 
jectable horizontal vector field on y is the horizontal hft Ft of its projection r on X. 
Moreover, the horizontal distribution HY is generated by the horizontal lifts Ft (3.1.6) 
of vector fields r on X. The horizontal lift 

T{X) 9 T ^ Ft e T{Y) (3.1.7) 

is a C°°(X)-linear module morphism. 

Given the splitting (3.1.1), the dual splitting of the exact sequence (1.2.11) is 

r:V*Y^T*Y, T -.dy' ^ dy' -r\dx\ (3.1.8) 
Hence, a connection F on y — > X is represented by the vertical- valued form 

r = (dy' -Tidx^)®di (3.1.9) 
such that the morphism (3.1.8) reads 

r-.dy'^ r\dy' = dy' - r\dx^. 
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We call r (3.1.9) the vertical connection form. The corresponding horizontal splitting of 
the cotangent bundle T*Y takes the form 

T*Y = T*X © r{V*Y), (3.1.10) 

xxdx^ + ijidy' = (^A + yi^\)dx^ + Viidy' - ^\dx^)- 

Then we have the surjection 

r = pii : T*Y ^ T*X, x^oV = x,^ + mV\, (3.1.11) 

which also defines a connection on a fibre bundle Y ^ X. 

Remark 3.1.1. Treating a connection as the vertical-valued form (3.1.9), we come to 
the following important construction. Given a fibre bundle F — > X, let / : X' — > X be a 
morphism and f*Y — > X' the pull-back of Y by /. Any connection V (3.1.9) onY ^ X 
induces the pull-back connection 

/T = (dy' - (r o fy)l^dx'^^ ® d, (3.1.12) 

on f*Y X' (sec Remark 1.4.4). • 

Remark 3.1.2. Let ir : Y X he a fibred manifold. Any connection T on Y ^ X 
yields a horizontal lift of a vector field on X onto Y, but need not defines the similar lift 
of a path in X into Y. Let 

M D [, ] 9 t x{t) eX, R3t^ y{t) G Y, 

be smooth paths in X and F, respectively. Then t y{t) is called a horizontal lift of 
x{t) if 

n{y{t)) = x{t), yit) G Hy^^Y, t e R, 

where HY C TY is the horizontal subbundlc associated to the connection F. If, for each 
path x{t) {to < t < ti) and for any y^ G 7r^^(a;(to)), there exists a horizontal lift y{t) 
{to < t < ti) such that y{to) = yo, then T is called the Ehresmann connection. A fibred 
manifold is a fibre bundle iff it admits an Ehresmann connection. • 



3.2 Connections as jet bundle sections 

Throughout the Lectures, we follow the equivalent definition of connections on a fibre 
bundle Y ^ X as sections of the affine jet bundle J^Y — > Y. 

Let y — > X be a fibre bundle, and J^Y its first order jet manifold. Given the canonical 
morphisms (2.1.5) and (2.1.6), we have the corresponding morphisms 

A(i) : J^Y xTX 3 dx^ dx = dx\X(i) G J^Y x TY, (3.2.1) 
^(1) : J^Y X V*Y 3 dy' ^6'^ 0^i)}dy' G J^Y x T*Y (3.2.2) 
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(see Remark 1.2.2). These morphisms yield the canonical horizontal splittings of the 
pull-back bundles 

J^Y xTY ^Xn)(TX) ® VY, (3.2.3) 

x^dx + y% = x^dx + y\di) + {y' - x^y\)di, 

jiy X T*Y = T*X © e,i){V*Y), (3.2.4) 

xxdx^ + Vidy' = {x^ + yiy\)dx^ + yi{dy' - y\dx^). 

Let r be a global section of J^Y Y. Substituting the tangent-valued form 

A(i) oV^dx^® {dx + T\d,) 

in the canonical splitting (3.2.3), we obtain the famihar horizontal splitting (3.1.2) of TY 
by means of a connection F on y — > X. Accordingly, substitution of the tangent- valued 
form 

^(1) o r = {dy' - V\dx^) ® di 

in the canonical splitting (3.2.4) leads to the dual splitting (3.1.10) of T*Y by means of 
a connection F. 

Theorem 3.2.1. There is one-to-one correspondence between the connections F on 
a fibre bundle Y ^ X and the global sections 

F : F ^ J'Y, {x\ y\ y\)or^ {x\ y\ V\) , (3.2.5) 

of the affine jet bundle J^Y ^Y. n 

There are the following corollaries of this theorem. 

• Since J^Y ^Y is affine, a connection on a fibre bundle Y ^ X exists in accordance 
with Theorem 1.1.4. 

• Connections on a fibre bundle Y ^ X make up an affine space modelled over the 
vector space of soldering forms on y — > X, i.e., sections of the vector bundle (2.1.4). 

• Connection components possess the coordinate transformation law 

• Every connection F (3.2.5) on a fibre bundle y — > X yields the ffist order differential 
operator 

Dr : J^Y T*X | VY, (3.2.6) 
Dr = A(i) -Fonl^iyi- r\)dx'' (8) 9,, 
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on Y called the covariant differential relative to the connection F. If s : X — > y is a 
section, from (3.2.6) we obtain its covariant differential 

V^s ^ Dro J^s : X ^ T*X VY, (3.2.7) 
V^s = (dxs' - r{ o s)dx^ (g) di, 

and the covariant derivative 

along a vector field t on X. A section s is said to be an integral section of a connection 
r if it belongs to the kernel of the covariant differential Dy (3.2.6), i.e., 

V^s = or J^s = Tos. (3.2.8) 

Theorem 3.2.2. For any global section s : X ^Y, there always exists a connection 
r such that s is an integral section of F. □ 

Treating connections as jet bundle sections, one comes to the following two construc- 
tions. 

(i) Let Y and Y' be fibre bundles over the same base X. Given a connection F on 
Y X and a connection F' on y — > X, the bundle product y x y' is provided with the 
product connection 

F X F' : y X y ^ J^CY X Y') = J^Y x J^Y\ 

X X X 

[d, + Fl A + F^ . (3.2.9) 

(ii) Let : y ^ y be a subbundle of a fibre bundle Y' ^ X and F' a connection on 
y — > X. If there exists a connection F on y — > X such that the diagram 



y ^ jiy 



r' 

J^iy 



Y -^J^Y' 

is commutative, we say that F' is reducible to a connection F. The following conditions 
are equivalent: 

• F' is reducible to F; 

• TiriHY) = HY'li^^Y), where HY C TY and HY' C TY' are the horizontal sub- 
bundles determined by F and F', respectively; 

• for every vector field r on X, the vector fields Fr and F'r are related as follows: 



TiY o Ft = F'r o iy. 



(3.2.10) 
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3.3 Curvature and torsion 

Let r be a connection on a fibre bundle Y ^ X. Its curvature is defined as the Nijenhuis 
differential 

R = IdrV = ^[r, r]FN : F ^ A r*X (8) VY, (3.3.1) 



1 

2' 



i? = -R^^dx^ A (g) di, (3.3.2) 



This is a l^F-valued horizontal two-form on Y. Given vector fields r, r' on X and their 
horizontal lifts Ft and Ft' (3.1.6) on Y, we have the relation 

R{t, t') = -F[t, r'] + [Ft, Ft'] = rV^^i^l^a,. (3.3.3) 

The curvature (3.3.1) obeys the identities 

[R,RU^O, (3.3.4) 

drR = [F, i?]FN = 0. (3.3.5) 

They result from the identity (1.4.9) and the graded Jacobi identity (1.4.10), respectively. 
The identity (3.3.5) is called the second Bianchi identity. It takes the coordinate form 

E (^Ai?;. + ria.i?;, - d,r\Rj^^) = o, (3.3.6) 

where the sum is cyclic over the indices A, /j and u. 

Given a soldering form a, one defines the soldered curvature 

P = \d,c7 = ^[a, (7]fn :Y^AT*X® VY, (3.3.7) 
P = lp\f.dx^ A dx'' ^ di, pi^ = aidjal - aj,dja{. 
It fulfills the identities 

[p, p]fn = 0, daP = [a, p]fn = 0, 

similar to (3.3.4) - (3.3.5). 

Given a connection F and a soldering form a, the torsion form of F with respect to a 
is defined as 

T ^dra^d^T -.Y ^ AT*X ® VY, 

T = (dxai^ + T{djai - djr\al)dx^ A dx^" (g) di. (3.3.8) 
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It obeys the first Bianchi identity 

drT = d^a = [R, (t]fn = —d^R. (3.3.9) 

If r' = r + (7, we have the relations 

T' = T + 2p, (3.3.10) 
R'^R + p + T. (3.3.11) 

3.4 Linear and affine connections 

A connection F on a vector bundle Y ^ X is called the linear connection if the section 

r:Y^J% r ^dx^^{dx + rx'j{x)y^di), (3.4.1) 

is a linear bundle morphism over X. Note that linear connections are principal connec- 
tions, and they always exist (see Theorem 4.4.1). 

The curvature (3.3.2) of a hnear connection F (3.4.1) reads 

R = ^Rx,,'j{x)y^dx^ A dx^" ^ di, 

Rxi/j — ^X^ii^j ~ ^iJ^Xj + ^X'j^ix^h — ^il^j^Xh- (3.4.2) 

Due to the vertical splitting (1.2.8), we have the linear morphism 

R:Y3 y% ]-Rx^,'jy^dx^ A dx" ® a e 0'^{X) ® Y. (3.4.3) 

There are the following standard constructions of new linear connections from the old 
ones. 

• Let F — i> X be a vector bundle, coordinated by (a;'^,|/*), and F* — > X its dual, 
coordinated by {x^,yi). Any hnear connection F (3.4.1) on a vector bundle Y ^ X 
defines the dual linear connection 

r* = dx^ ® {dx - rx'i{x)yjd') (3.4.4) 

on Y* X. 

• Let F and F' be linear connections on vector bundles F — > X and Y' X, respec- 
tively. The direct sum connection F © F' on their Whitney sum Y (BY' is defined as the 
product connection (3.2.9). 

• Let Y coordinated by {x'^, y^) and Y' coordinated by {x^, |/") be vector bundles over 
the same base X. Their tensor product Y <SiY' is endowed with the bundle coordinates 



44 CHAPTER 3. CONNECTIONS ON FIBRE BUNDLES 



{x^.lf"-). Linear connections V and V onY ^ X and Y' ^ X define the linear tensor 
product connection 



r (g) r' = dx^ 



5A + (rAV" + W'')^ 



(3.4.5) 



on y (g) Y'. 

An important example of linear connections is a linear connection 

r = dx^® {dx + TA^ra^) (3-4.6) 

on the tangent bundle TX of a manifold X. We agree to call it a world connection on a 
manifold X. The dual world connection (3.4.4) on the cotangent bundle T*X is 

r* = dx"" ® {dx - r^^i^a'^) . (3.4.7) 

Then, using the construction of the tensor product connection (3.4.5), one can introduce 
the corresponding linear world connection on an arbitrary tensor bundle T (1.2.5). 

Remcirk 3.4.1. It should be emphasized that the expressions (3.4.6) and (3.4.7) for a 
world connection differ in a minus sign from those usually used in the physical literature. 
• 

The curvature of a world connection is defined as the curvature R (3.4.2) of the 
connection F (3.4.6) on the tangent bundle TX. It reads 

R = ^Rx^'^px^dx^ A dx^ da, (3.4.8) 

-n-AM /3 — n 13 — 0'//i A ^ + i A /ji m 7 " i // /S^ A 7- 

By the torsion of a world connection is meant the torsion (3.3.8) of the connection F 
(3.4.6) on the tangent bundle TX with respect to the canonical soldering form 9j (1.4.7): 

T = ^T/xdx^ A dx'' d,, T/a = r/x - rx\. (3.4.9) 

A world connection is said to be symmetric if its torsion (3.4.9) vanishes, i.e., T^^x = ^x^n- 
Remcirk 3.4.2. For any vector field r on a manifold X, there exists a connection F on 
the tangent bundle TX — > X such that r is an integral section of F, but this connection 
is not necessarily linear. If a vector field r is non- vanishing at a point x & X, then there 
exists a local symmetric world connection F (3.4.6) around x for which r is an integral 
section 

9,t" = r.'^fsT^. (3.4.10) 

Then the canonical lift f (1.3.4) of r onto TX can be seen locally as the horizontal lift 
Ft (3.1.6) of T by means of this connection. • 
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Remeirk 3.4.3. Every manifold X can be provided with a non-degenerate fibre metric 

ge\/0\X), g = gx^^dx^ ® dx^ , 
in the tangent bundle TX, and with the corresponding metric 

ge\JT\X), g = g^^^dx(E)d^, 

in the cotangent bundle T*X. We call it a world metric on X. For any world metric g, 
there exists a unique symmetric world connection T (3.4.6) with the components 

Ta^ = {a%} = —g^'idxgp, + d,g,x - d,gx,), (3.4.11) 
called the Christoffel symbols, such that g is an integral section of F, i.e. 

dxg''^^g'"'{x^} + g''^x%}. 

It is called the Levi-Civita connection associated to ^f. • 

Let y ^ X be an affine bundle modelled over a vector bundle Y ^ X. A connection 
F on F ^ X is called an affine connection if the section F : y — .J^Y (3.2.5) is an affine 
bundle morphism over X. Associated to principal connections, affine connections always 
exist (see Theorem 4.4.1). 

For any affine connection T : Y ^ J^Y , the corresponding linear derivative F : y ^ 
J^y (1.2.14) defines a unique linear connection on the vector bundle y — > X. Since every 
vector bundle is an affine bundle, any linear connection on a vector bundle also is an affine 
connection. 

With respect to affine bundle coordinates {x^,y^) on Y, an affine connection F on 
y — >■ X reads 

r\^rx'j{x)y^ + a\{x). (3.4.12) 
The coordinate expression of the associated linear connection is 

r, = Tx',{x)y^, 

where {x^,y^) are the associated linear bundle coordinates on Y. 

Affine connections on an affine bundle y — > X constitute an affine space modelled over 
the soldering forms on y — > X. In view of the vertical splitting (1.2.15), these soldering 
forms can be seen as global sections of the vector bundle 

T*X®Y^ X. 

X 

If y ^ X is a vector bundle, both the affine connection F (3.4.12) and the associated hnear 
connection F are connections on the same vector bundle y — > X, and their difference is 



(3.4.13) 
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a basic soldering form on Y. Thus, every affine connection on a vector bundle Y ^ X is 
the sum of a linear connection and a basic soldering form onY^X. 

Given an affine connection F on a vector bundle Y ^ X, let R and R be the curva- 
tures of a connection F and the associated linear connection F, respectively. It is readily 
observed that R — R + T, where the yy-valued two-form 

T = dra = daT : X ^ A T*X VY, (3.4.14) 

X 

T = ^Tl^dx^ A dx^" ® di, 

is the torsion (3.3.8) of F with respect to the basic soldering form a. 

In particular, let us consider the tangent bundle TX of a manifold X. We have the 
canonical soldering form a — 9j = 9x (1-4.7) on TX. Given an arbitrary world connection 
F (3.4.6) on TX, the corresponding affine connection 

A = r + ex, = Fa^x'^ + 5^, (3.4.15) 

on TX is called the Cartan connection. Since the soldered curvature p (3.3.7) of 9j equals 
zero, the torsion (3.3.10) of the Cartan connection coincides with the torsion T (3.4.9) of 
the world connection F, while its curvature (3.3.11) is the sum R + T oi the curvature 
and the torsion of F. 



3.5 Flat connections 

By a Eat or curvature-free connection is meant a connection which satisfies the following 
equivalent conditions. 

Theorem 3.5.1. Let F be a connection on a fibre bundle Y ^ X. The following 
assertions are equivalent. 

(i) The curvature i? of a connection F vanishes identically, i.e., R = 0. 

(ii) The horizontal lift (3.1.7) of vector fields on X onto Y is an M-linear Lie algebra 
morphism (in accordance with the formula (3.3.3)). 

(iii) The horizontal distribution is involutive. 

(iv) There exists a local integral section for F through any point y eY. D 

By virtue of Theorem 1.3.3 and item (iii) of Theorem 3.5.1, a flat connection F on 
a fibre bundle Y ^ X yields a horizontal foliation on Y, transversal to the fibration 
Y ^ X. The leaf of this foliation through a point 7/ e F is defined locally by an integral 
section Sy for the connection F through y. Conversely, let a fibre bundle Y ^ X admit a 
transversal foliation such that, for each point y & Y, the leaf of this foliation through y 
is locally defined by a section Sy oiY ^ X through y. Then the map 
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introduces a flat connection onY ^ X. Thus, there is one-to-one correspondence between 
the flat connections and the transversal foliations of a flbre bundle Y ^ X. 

Given a transversal foliation on a fibre bundle Y ^ X, there exists the associated atlas 
of bundle coordinates {x^, y^) of Y such that every leaf of this foliation is locally generated 
by the equations =const., and the transition functions — > y'\y^) are independent 
of the base coordinates x'^. This is called the atlas of constant local trivializations. Two 
such atlases are said to be equivalent if their union also is an atlas of constant local 
trivializations. They are associated to the same horizontal foliation. Thus, we come to 
the following assertion. 

Theorem 3.5.2. There is one-to-one correspondence between the flat connections 
r on a flbre bundle Y X and the equivalence classes of atlases of constant local 
trivializations of Y such that 

r = dx^ (g) dx 

relative to these atlases. □ 

In particular, if y — > X is a trivial bundle, one associates to each its trivialization a 
flat connection represented by the global zero section 0{Y) oi J^Y ^ Y with respect to 
this trivialization (see Remark 2.1.2). 



3.6 Connections on composite bundles 

Let y — > E — > X be a composite bundle (1.1.10). Let us consider the jet manifolds J^E, 
J^Y, and J^Y of the flbre bundles 

E ^ X, y ^ E, Y ^ X, 

respectively. They are provided with the adapted coordinates 

ix\a"^,aT), ix\a"^,y\y\,yl), ix\ , y\ , y\) . 

One can show the following. 

Theorem 3.6.1. There is the canonical map 

^ : J^E X 4Y ^ JX y\oe^ y]^a^ + y\. (3.6.1) 

□ 

Using the canonical map (3.6.1), we can get the relations between connections on 
the flbre bundles y — > X, y — > E and E — > X. These connections are given by the 
corresponding connection forms 

7 = dx^ {dx + Tr^m + l{di), (3.6.2) 
As = dx^ ® {dx + 49,) + da"" ® {dm + Ai^di), (3.6.3) 
r^dx''<^{dx + r^dm). (3.6.4) 
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A connection 7 (3.6.2) on the fibre bundle Y ^ X is called projectable onto a con- 
nection r (3.6.4) on the fibre bundle S — > X if , for any vector field r on X, its horizontal 
lift 7r on Y by means of the connection 7 is a projectable vector field over the horizontal 
hft Ft of r on E by means of the connection F. This property holds iff — F^, i.e., 
components 'y'^ of the connection 7 (3.6.2) must be independent of the fibre coordinates 
y\ 

A connection As (3.6.3) on the fibre bundle Y ^ H and a connection F (3.6.4) on 
the fibre bundle S — X define a connection on the composite bundle Y ^ X as the 
composition of bundle morphisms 

7 : y X TX ^^^V X TE ^TY. 
X s 

It is called the composite connection. This composite connection reads 

7 = cix^ {dx + r^drn + (^1 + AU:^)di). (3.6.5) 

It is projectable onto F. Moreover, this is a unique connection such that the horizontal lift 

7r on y of a vector field r on X by means of the composite connection 7 (3.6.5) coincides 
with the composition As(Fr) of horizontal lifts of r on S by means of the connection 
F and then on Y by means of the connection A-^. For the sake of brevity, let us write 
7 = As o F. 

Given a composite bundle Y (1.1.10), there are the exact sequences of vector bundles 
over Y: 

^ Vj:Y — >VY ^Y xVJ:^0, (3.6.6) 

s 

^ y X V*E — > V*Y V^Y 0, (3.6.7) 

where V^Y and V^Y arc the vertical tangent and the vertical cotangent bundles of y — > E 
which are coordinated by {x^ , a"^ , , y^) and {x'^ , a"^ , y'' , yi) , respectively. Let us consider 
a splitting of these exact sequences 

B:VY3 y% + a'^dm ^ {y% + d"*9^) J B = (3.6.8) 

if - &yi)di ^Vj:Y,_ 
B : V^Y 3 dy' B\dy' = dy' - B'^da"^ e V*Y, (3.6.9) 

given by the form 

B = {dy' - BlJa"') ® di. (3.6.10) 
Then the connection 7 (3.6.2) on y ^ X and the splitting B (3.6.8) define the connection 

As = s o 7 : ry ^ yy ^ Vj:Y, (3.6.11) 

As = dx' ® (dx + (7i - Bl^^)d,) + da^ (8^ + Bid,), 
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on the fibre bundle y — > E. 

Conversely, every connection As (3.6.3) on the fibre bundle Y ^ 12 yields the splitting 

A^:TYdVY3 y'di + a^d^ ^ (y' - Al&^)di (3.6.12) 

of the exact sequence (3.6.6). Using this splitting, one can construct a first order differ- 
ential operator 

D : J^Y ^T*X®VeY, (3.6.13) 

Y 

D^dx'^{yi-A',-Ala^)d„ 

on the composite bundle Y ^ X. It is called the vertical covariant differential. This 
operator also can be defined as the composition 

D = pr.oD^ : J^Y T*X ®VY ^ T*X ® VY^, 

Y Y 

where D'^ is the covariant differential (3.2.6) relative to some composite connection Ay,oT 
(3.6.5), but D does not depend on the choice of a connection F on the fibre bundle E — > X. 

The vertical covariant differential (3.6.13) possesses the following important property- 
Let hhe a, section of the fibre bundle S ^ X, and let Y^ — * X be the restriction (1.1.13) 
of the fibre bundle F — > S to h{X) C S. This is a subbundle 

ih-Y'^^Y 

of the fibre bundle Y ^ X. Every connection Ay, (3.6.3) induces the pull-back connection 
Ah = iIAy = dx^ ® [d^ + {{Al o h)dxK^ + {A o h)\)di\ (3.6.14) 
on y'* X. Then the restriction of D (3.6.13) to 

jHhiJ^Y'') C J^Y 

coincides with the familiar covariant differential D^f^ (3.2.6) on Y'^ relative to the pull-back 
connection A^ (3.6.14). 

Remcirk 3.6.1. Let F : y — > J^Y be a connection on a fibre bundle Y ^ X. In 
accordance with the canonical isomorphism VJ^Y — J^VY (2.1.9), the vertical tangent 
map 

Vr-.VY^ VJ^Y 
to F defines the connection 
Vr-.VY^ J^VY, 

Vr = dx^ (dx + r\di + djTiy^di), (3.6.15) 
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on the composite vertical tangent bundle 
VY ^X. 

This is called the vertical connection to F. Of course, the connection VT projects onto T. 
Moreover, VT is linear over F. Then the dual connection of VT on the composite vertical 
cotangent bundle 

V*Y ^Y ^X 

reads 

V*r : V*Y J^V*Y, 

V*r = dx^ ® {dx + T{di - djV\yi&). (3.6.16) 

It is called the covcrtical connection to F. If Y ^ X is an affinc bundle, the connection 
Vr (3.6.15) can be seen as the composite connection generated by the connection F on 
y — > X and the linear connection 

r = dx^(^ {dx + djT\yWi) + dy' (3.6.17) 

on the vertical tangent bundle VY — > y. • 



Chapter 4 

Geometry of principal bundles 



Classical gauge theory is adequately formulated as Lagrangian field theory on principal 

and associated bundles where gauge potentials arc identified with principal connections. 
The main ingredient in this formulation is the bundle of principal connections C = J^P/ G 
whose sections are principal connections on a principal bundle P with a structure group 
G. 

4.1 Geometry of Lie groups 

Let G be a topological group which is not reduced to the unit 1. Let F be a topological 
space. By a continuous action of G on y on the left is meant a continuous map 

C:GxV^v, Cig'g, v) = Cig', Cig, v)), (4.li) 

If there is no danger of confusion, we denote Cig^''^) = g''^- says that a group G acts 
on V on the right if the map (4.1.1) obeys the relations 

ag'g,v) = ag,ag',v)). 

In this case, we agree to write C{g,v) = vg. 

Remark 4.1.1. Strictly speaking, by an action of a group G on y is meant a class 
of morphisms ( (4.1.1) which differ from each other in inner automorphisms of G, that is, 

C{g,v)^ag'-'gg',v) 

for some element g' E G. • 

An action of G on \^ is called: 

• effective if there is no 7^ 1 such that Cig^'^) = ^ for all f G V, 

• free if, for any two elements v,v e V, there exists an element g E G such that 
C{g,v) = v'. 

• transitive if there is no element v eV such that ({g, v) — v for all g EG. 
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Unless otherwise stated, an action of a group is assumed to be effective. If an action ( 
(4.1.1) of G on V is transitive, then V is called the homogeneous space, homeomorphic to 
the quotient V = G/H of G with respect to some subgroup H (Z G. If an action ( is both 
free and transitive, then V is homeomorphic to the group space of G. For instance, this 
is the case of action of G on itself by left (C = Lq) and right (C = Rg) multiplications. 

Let G be a connected real Lie group of finite dimension dimG > 0. A vector field ^ 
on G is called left-invariant if 

^(^) = rL,(e(l)), geG, 

where TLg denotes the tangent morphism to the map 

Lg-.G^ gG. 

Accordingly, right-invariant vector fields ^ on G obey the condition 

C{9)-TR,{C{1)), 
where TRg is the tangent morphism to the map 

Tg-.G^ gG. 

Let Qi (resp. Qr) denote the Lie algebra of left-invariant (resp. right-invariant) vector 
fields on G. They are called the left and right Lie algebras of G, respectively. Every left- 
invariant vector field C,i{g) (resp. a right-invariant vector field Cr(fl')) can be associated 
to the element v = (resp. v = Cr(l)) of the tangent space TiG at the unit 1 of G. 
Accordingly, this tangent space is provided both with left and right Lie algebra structures. 
Given v &T\G, let vi{g) and Vr{g) be the corresponding left-invariant and right- invariant 
vector fields on G, respectively. There is the relation 

vi{g)^{TLgoTR-^){vr{g)). 

Let {em = £„(!)} (resp. {Sm = £m(l)}) denote the basis for the left (resp. right) Lie 
algebra, and let c^^ be the right structure constants: 

mi ^n] '^mn^k- 

The map g ^ g~^ yields an isomorphism 

of left and right Lie algebras. 
The tangent bundle 



ttg-.TG^G 



(4.1.2) 
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of a Lie group G is trivial because of the isomorphisms 

gr.TG3q^ig = 7rG{q),TL;\q)) e G x Qi, 
Qr:TG3q^{g = 7iG{q),TR^\q)) G G x g,. 

Let ( (4.1.1) be a smooth action of a Lie group G on a smooth manifold V. Let us consider 
the tangent morphism 

TC:TGxTV ^ TV (4.1.3) 

to this action. Given an element g E G, the restriction of T( (4.1.3) to {g, 0) x TV is the 
tangent morphism TQ to the map 

Q:gxV^V 

Therefore, the restriction 

TCg-0{G) xTV ^TV (4.1.4) 

of the tangent morphism T( (4.1.3) to 0(G) x TV (where is the canonical zero section 
of TG — > G) is called the tangent prolongation of a smooth action of G on V. 
In particular, the above mentioned morphisms 

TLg = TLG\(gfi)xTG, TRg = TRG\(gfl)xTG 

are of this type. For instance, the morphism TLq (resp. TRq) (4.1.4) defines the adjoint 
representation g Adg (resp. g — > Ad^-i) of a group G in its right Lie algebra Qr (resp. 
left Lie algebra Qi) and the identity representation in its left (resp. right) one. 

Restricting T( (4.1.3) to T^G x 0{V), one obtains a homomorphism of the right (resp. 
left) Lie algebra of G to the Lie algebra T(y) of vector field on if ^ is a left (resp. 
right) action. We call this homomorphism a representation of the Lie algebra of G in V. 
For instance, a vector field on a manifold V associated to a local one-parameter group G 
of diffeomorphisms of V (see Section 1.3) is exactly an image of such a homomorphism of 
the one-dimensional Lie algebra of G to T{V). 

In particular, the adjoint representation Ad^ of a Lie group G in its right Lie algebra 
Qr yields the corresponding adjoint representation 

e' -.e^ ads'ie) = [e', e], ad^„(£„) = c^^Sfc, (4.1.5) 

of the right Lie algebra Qr in itself. Accordingly, the adjoint representation of the left Lie 
algebra qi in itself reads 

ad£^(e„) = — c^^efe, 

where are the right structure constants (4.1.5). 
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Remcirk 4.1.2. Let G be a matrix group, i.e., a subgroup of the algebra M[V) of 
endomorphisms of some finite-dimensional vector space V. Then its Lie algebras are Lie 
subalgebras of M{V). In this case, the adjoint representation Adg of G reads 

Adg(e) = geg-\ e e Q. (4.L6) 

• 

An exterior form on a Lie group G is said to be left-invariant (resp. right-invariant) 
if 0(1) = L*{(p{g)) (resp. 0(1) = R^{(l){g))). The exterior differential of a left-invariant 
(resp right-invariant) form is left-invariant (resp. right-invariant). In particular, the left- 
invariant one-forms satisfy the Maurer-Cartan equation 

#(e,e') = -^0([e,e']), e,e' e Qi. (4.L7) 

There is the canonical Qi-valued left-invariant one- form 

er.T^G3e^eeQi (4.1.8) 

on a Lie group G. The components 6^^ of its decomposition 9i = 9l"'tm with respect to the 
basis for the left Lie algebra Qi make up the basis for the space of left-invariant exterior 
one-forms on G: 

The Maurer-Cartan equation (4.1.7), written with respect to this basis, reads 

4.2 Bundles with structure groups 

Principal bundles are particular bundles with a structure group. Since equivalence classes 
of these bundles are topological invariants (see Theorem 4.2.5), we consider continuous 
bundles with a structure topological group. 

Let G be a topological group. Let tt : F — * X be a locally trivial continuous bundle 
(see Remark LLl) whose typical fibre V is provided with a certain left action (4.1.1) of 
a topological group G (see Remark 4.1.1). Moreover, let Y admit an atlas 

* = {{Ua: V'a), Qa/s}: i^a = ^'a/?^'/?, (4-2.1) 

whose transition functions Qap (1.1.3) factorize as 

Qap-u^nUpxv ^u^nUpx{Gx V) '^u^nupxv (4.2.2) 
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through local continuous G-valued functions 

g'^fs ■.UaDUf.^G (4.2.3) 

on X. This means that transition morphisms Qaisi^) (1.1.6) are elements of G acting on 
V. Transition functions (4.2.2) are called G -valued. 

Provided with an atlas (4.2.1) with G-valued transition functions, a locally trivial 
continuous bundle Y is called the bundle with a structure group G or, in brief, a G- 
hundle. Two G-bundles {Y, ^) and {Y, '^') are called equivalent if their atlases ^ and 
^' are equivalent. Atlases \E' and \E'' with G- valued transition functions are said to be 
equivalent iff, given a common cover {Ui} of X for the union of these atlases, there exists 
a continuous G-valued function Qi on each Ui such that 

V^^(x) =^i(x)^i(x), xeUi. (4.2.4) 

Let h{X, G, V) denote the set of equivalence classes of continuous bundles over X with 

a structure group G and a typical fibre V . In order to characterize this set, let us consider 
the prcsheaf G^s^j^ of continuous G-valued functions on a topological space X. Let G\ be 
the sheaf of germs of these functions generated by the canonical prcsheaf G^f^^^, and let 
H^{X] G^) be the first cohoniology of X with coeflicients in (see Remark 8.5.3). The 
group functions (4.2.3) obey the cocycle condition 

on overlaps Ua^UpP^U^ (cf. (8.5.12)) and, consequently, they form a onc-cocycle {g^p} of 
the presheaf This cocycle is a representative of some element of the first cohomology 

H^{X] G\) of X with coefficients in the sheaf G\. 

Thus, any atlas of a G-bundle over X defines an element of the cohomology set 
H^{X] Gx). Moreover, it follows at once from the condition (4.2.4) that equivalent atlases 
define the same element of H^{X; Gx)- Thus, there is an injection 

h{X,G,V)^H\X;G'x) (4.2.5) 

of the set of equivalence classes of G-bundles over X with a typical fibre V to the first 
cohomology H^{X; G^) of X with coefficients in the sheaf Gx- Moreover, the injection 
(4.2.5) is a bijection as follows. 

Theorem 4.2.1. There is one-to-one correspondence between the equivalence classes 
of G-bundles over X with a typical fibre V and the elements of the cohomology set 
H\X;GS,)- □ 

The bijection (4.2.5) holds for G-bundles with any typical fibre V. Two G-bundles 
{Y, ^') and {Y', ^f') over X with different typical ffbres are called associated if the cocycles 
of transition functions of their atlases ^ and ^' are representatives of the same element 
of the cohomology set H^{X; Gx)- Then Theorem 4.2.1 can be reformulated as follows. 
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Theorem 4.2.2. There is one-to-one correspondence between the classes of associated 
G-bundles over X and the elements of the cohomology set H^{X; G^)- '-' 

Let f : X' ^ X he a. continuous map. Every continuous G-bundle Y ^ X yields 
the pull-back bundle f*Y — > X' (1.1.8) with the same structure group G. Therefore, / 
induces the map 

[f]:H\X;G'^)^H\X';G'^,). 

Theorem 4.2.3. Given a continuous G-bundle Y over a paracompact base X, let /i 
and /2 be two continuous maps of X' to X. If these maps are homotopic, the pull-back 
G-bundles f^Y and /|F over X' are equivalent. □ 

Let us return to smooth fibre bundles. Let G, dimG > 0, be a real Lie group which 
acts on a smooth manifold V on the left. A smooth fibre bundle n : Y ^ X is called a 
bundle with a structure group G if it is a continuous G-bundle possessing a smooth atlas 
^ (4.2.1) whose transition functions factorize as those (4.2.1) through smooth G-valued 
functions (4.2.3). 

Example 4.2.1. Any vector (resp. affine) bundle of fibre dimension dimF = m is 
a bundle with a structure group which is the general linear group G'L(m, R) (resp. the 
general affine group GA{m^M.)). • 

Let G^ be the sheaf of germs of smooth G- valued functions on X and H^{X]G^) 
the first cohomology of a manifold X with coefficients in the sheaf Gx- The following 
theorem is analogous to Theorem 4.2.2. 

Theorem 4.2.4. There is one-to-one correspondence between the classes of associated 
smooth G-bundles over X and the elements of the cohomology set H^{X] Gx)- n 

Since a smooth manifold is paracompact, one can show the following. 

Theorem 4.2.5. There is a bijection 

H\X;G^)=H\X;G'x), (4.2.6) 

where a Lie group G is treated as a topological group. □ 

The bijection (4.2.6) enables one to classify smooth G-bundles as the continuous ones 
by means of topological invariants. 



4.3 Principal bundles 

We restrict our consideration to smooth bundles with a structure Lie group of non-zero 
dimension. 

Given a real Lie group G, let 

TTp-.P^X (4.3.1) 

be a G-bundle whose typical fibre is the group space of G, which a group G acts on by left 
multiplications. It is called a principal bundle with a structure group G. Equivalently, a 
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principal G-bundlc is defined as a fibre bundle P (4.3.1) which admits an action of G on 
P on the right by a fibrewise morphism 

Rgp :GxP — >P, (4.3.2) 

X X 

Rgp-.p^ pg, 7rp{p) = np{pg), P e P, 

which is free and transitive on each fibre of P. As a consequence, the quotient of P with 
respect to the action (4.3.2) of G is diffeomorphic to a base X, i.e., P/G — X. 

Remcirk 4.3.1. The definition of a continuous principal bundle is a repetition of 
that of a smooth one, but all morphisms arc continuous. • 

A principal G-bundle P is equipped with a bundle atlas 

*P = {([/«, V'D^M (4-3.3) 
whose trivialization morphisms 

obey the condition 

Due to this property, every trivialization morphism ijj^ determines a unique local section 
Za '■ Ucc ^ P such that 

The transformation law for reads 

M^) = Za{x)ga/3{x), X E n Up. (4.3.4) 
Conversely, the family 

{{Ua,Za),Qal3} (4.3.5) 

of local sections of P which obey the transformation law (4.3.4) uniquely determines a 

bundle atlas of a principal bundle P. 

Theorem 4.3.1. A principal bundle admits a global section iff it is trivial. □ 
Example 4.3.2. Let if be a closed subgroup of a real Lie group G. Then is a 

Lie group. Let G/H he the quotient of G with respect to an action of if on G by right 

multiplications. Then 

ttgh-G^ G/H (4.3.6) 

is a principal if-bundle. If if is a maximal compact subgroup of G, then G/H is diffeo- 
morphic to and, by virtue of Theorem 1.1.7, G — > G/H is a trivial bundle, i.e., G is 
diffeomorphic to the product x if. • 
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Remark 4.3.3. The pull-back f*P (1.1.8) of a principal bundle also is a principal 
bundle with the same structure group. • 

Remark 4.3.4. Let P ^ X and P' — > X' be principal G- and G'-bundles, respec- 
tively. A bundle morphism $ : P — > P' is a morphism of principal bundles if there exists 
a Lie group homomorphism 7 : G — > G' such that 

<^>{pg) = $(p)7(^). 

In particular, equivalent principal bundles are isomorphic. • 

Any class of associated smooth bundles on X with a structure Lie group G contains 
a principal bundle. In other words, any smooth bundle with a structure Lie group G is 
associated with some principal bundle. 

Let us consider the tangent morphism 

TRgp : (G X gi) xTP ^TP (4.3.7) 
to the right action Rqp (4.3.2) of G on P. Its restriction to TiG x TP provides a homo- 

X 

morphism 

di3e^Cee r{P) (4.3.8) 

of the left Lie algebra 0; of G to the Lie algebra T(P) of vector fields on P. Vector 
fields (4.3.8) are obviously vertical. They are called fundamental vector fields. Given 
a basis {e^} for Qi, the corresponding fundamental vector fields = Cer form a family of 
m = dim0; nowhere vanishing and linearly independent sections of the vertical tangent 
bundle VP of P — > X. Consequently, this bundle is trivial 

VP^PxQi (4.3.9) 

by virtue of Theorem 1.2.1. 

Restricting the tangent morphism TRqp (4.3.7) to 

TRgp : 0(G) xTP — > TP, (4.3.10) 

X X 

we obtain the tangent prolongation of the structure group action Rgp (4.3.2). If there 
is no danger of confusion, it is simply called the action of G on TP. Since the action of 
G (4.3.2) on P is fibrewise, its action (4.3.10) is restricted to the vertical tangent bundle 
VP of P. 

Taking the quotient of the tangent bundle TP P and the vertical tangent bundle 
VP of P by G (4.3.10), we obtain the vector bundles 

TgP = TP/G, VgP = VP/G (4.3.11) 

over X. Sections of TgP X are G-invariant vector fields on P. Accordingly, sections of 
VgP — > X are G-invariant vertical vector fields on P. Hence, a typical fibre of VgP — > X 



4.3. PRINCIPAL BUNDLES 



59 



is the right Lie algebra Qr of G subject to the adjoint representation of a structure group 
G. Therefore, VgP (4.3.11) is called the Lie algebra bundle. 

Given a bundle atlas ^'p (4.3.3) of P, there is the corresponding atlas 

* = {(C/a,V'a),Ad,„,} (4.3.12) 

of the Lie algebra bundle VqP, which is provided with bundle coordinates {Ua;x^,x"^) 
with respect to the fibre frames 

{em = ^~^{x){em)}, 

where {6^} is a basis for the Lie algebra Qr- These coordinates obey the transformation 
rule 

g{xnem^x"'M,-iiem). (4.3.13) 

A glance at this transformation rule shows that VgP is a bundle with a structure group 
G. Moreover, it is associated with a principal G-bundle P (see Example 4.7.2). 

Accordingly, the vector bundle TqP (4.3.11) is endowed with bundle coordinates 
{x^, x^, X^) with respect to the fibre frames {dn, e^}. Their transformation rule is 

Qixn^m = x"Ad,-i(£^) + i;^i?™£m. (4.3.14) 
If G is a matrix group (see Remark 4.1.2), this transformation rule reads 

Qixn^m = x'^Q-'smQ - x''d^(Q-')Q. (4.3.15) 

Since the second term in the right-hand sides of expressions (4.3.14) - (4.3.15) depend on 
derivatives of a G-valued function g on X, the vector bundle TqP (4.3.11) fails to be a 
G-bundle. 

The Lie bracket of G-invariant vector fields on P goes to the quotient by G and defines 
the Lie bracket of sections of the vector bundle TqP — > X. This bracket reads 

^ = ^dx + eep, V = ri'd, + i'e,, (4.3.16) 
% ri] = ied.v' - rd,e)dx + (4.3.17) 

Putting = and 77'^ = in the formulas (4.3.16) - (4.3.17), we obtain the Lie bracket 
[Lv]-c;^ev'er (4.3.18) 

of sections of the Lie algebra bundle VgP- A glance at the expression (4.3.18) shows that 
sections of VqP form a finite-dimensional Lie C°°(X)-algebra, called the gauge algebra. 
Therefore, VqP also is called the gauge algebra bundle. 
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4.4 Principal connections 

Principal connections on a principal bundle P (4.3.1) are connections on P which are 
equivariant with respect to the right action (4.3.2) of a structure group G on P. In order 
to describe them, we follow the definition of connections on a fibre bundle y — > X as 
global sections of the afhne jet bundle J^Y X (Theorem 3.2.1). 

Let J^P be the first order jet manifold of a principal G-bundle P ^ X (4.3.1). Then 
connections on a principal bundle P — > X are global sections 

A: P^ J^P (4.4.1) 

of the affine jet bundle J^P — > P modelled over the vector bundle 

T*X®VP= (T*X0Qi). 
p p 

In order to define principal connections on P ^ X, let us consider the jet prolongation 
J^Rg ■.J\XxG)x J^P J^P 

X 

of the morphism Rgp (4.3.2). Restricting this morphism to 
J^Rg : 0(G) X J^P ^ J^P, 

X 

we obtain the jet prolongation of the structure group action Rgp (4.3.2) called, simply, 
the action of G on J^P. It reads 

G3g:3lp^{3lp)9 = 3l{P9)- (4-4.2) 
Taking the quotient of the affine jet bundle J^P by G (4.4.2), we obtain the affine bundle 

C = J^P/G X (4.4.3) 
modelled over the vector bundle 

C = T*X (g) VgP X. 

X 

Hence, there is the vertical splitting 

VC = C®C 

X 

of the vertical tangent bundle VC of C — > X. 

Remark 4.4.1. A glance at the expression (4.4.2) shows that the fibre bundle 
J^P C is a principal bundle with the structure group G. It is canonically isomorphic 
to the pull-back 

J^P^Pc^CxP ^C. (AAA) 

X 
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Taking the quotient with respect to the action of a structure group G, one can reduce 
the canonical imbedding (2.1.5) (where Y = P) to the bundle monomorphism 

Ac : C — >T*X®TgP, 

X X 

Xc-.dx'^^id^ + x'l^em). (4.4.5) 

It follows that, given atlases ^' p (4.3.3) of P and \1' (4.3. 12) of TqP, the bundle of principal 
connections C is provided with bundle coordinates (a;^, a^) possessing the transformation 
rule 

Q{a^)em = (a™Ad,-i(£j + ^^U^- (4-4.6) 
If G is a matrix group, this transformation rule reads 

e{a^)e^ = {a^Q-\em)Q - d,{g-')g)-^. (4.4.7) 

A glance at this expression shows that the bundle of principal connections C as like as 
the vector bundle TqP (4.3.11) fails to be a bundle with a structure group G. 

As was mentioned above, a connection A (4.4.1) on a principal bundle P ^ X is called 
a principal connection if it is equivariant under the action (4.4.2) of a structure group G, 
i.e., 

A{pg) = A{p)g g e G. (4.4.8) 

There is obvious one-to-one correspondence between the principal connections on a prin- 
cipal G-bundle P and global sections 

A:X^C (4.4.9) 

of the bundle C — > X (4.4.3), called the bundle of principal connections. 

Theorem 4.4.1. Since the bundle of principal connections C — > X is affine, principal 
connections on a principal bundle always exist. □ 

Due to the bundle monomorphism (4.4.5), any principal connection A (4.4.9) is rep- 
resented by a TfyP- valued form 

A^dx^® (dx + Alcq) . (4.4.10) 

Taking the quotient with respect to the action of a structure group G, one can reduce the 
exact sequence (1.2.10) (where y = P) to the exact sequence 

^ VgP — >TgP — >TX ^0. (4.4.11) 
A principal connection A (4.4.10) defines a splitting of this exact sequence. 
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Remark 4.4.2. A principal connection A (4.4.1) on a principal bundle P ^ X can 
be represented by the vertical- valued form A (3.1.9) on P which is a g^-valued form due 
to the trivialization (4.3.9). It is the familiar g;-valued connection form on a principal 
bundle P. Given a local bundle splitting [Ua, z^) of P, this form reads 

A = ra{Oi-Aldx''®e,), (4.4.12) 

where 9i is the canonical grvalued one-form (4.1.8) on G and A\ are local functions on P 
such that 

Al{pg)e,^Al{p)Mg-,{e,). 

The pull-back z'^A of the connection form A (4.4.12) onto is the well-known local 
connection one-form 

A^ = -Aldx^ ®eq^ A\dx^ ® Sg, (4.4.13) 

where ^^ = ^4^0 are local functions on X. It is readily observed that the coefficients 
A\ of this form are exactly the coefficients of the form (4.4.10). • 

There are both pull-back and push-forward operations of principal connections. 

Theorem 4.4.2. Let P be a principal bundle and f*P (1.1.8) the pull-back principal 
bundle with the same structure group. Let fp be the canonical morphism (1.1.9) of f*P 
to P. If A is a principal connection on P, then the pull-back connection f*A (3.1.12) on 
f*P is a principal connection. □ 

Theorem 4.4.3. Let P' — > X and P — > X be principle bundles with structure 
groups G' and G, respectively. Let $ : P' — > P be a principal bundle morphism over X 
with the corresponding homomorphism G' ^ G (see Remark 4.3.4). For every principal 
connection A' on P', there exists a unique principal connection A on P such that T$ sends 
the horizontal subspaces of TP' A' onto the horizontal subspaces of TP with respect to 
A. □ 

Let P — > X be a principal C-bundle. The Prohcher-Nijenhuis bracket (1.4.8) on 
the space 0*{P) ® T{P) of tangent- valued forms on P is compatible with the right 
action Rgp (4.3.2). Therefore, it induces the Frolicher-Nijenhuis bracket on the space 
0*{X) TgP{X) of TgP- valued forms on X, where TgP{X) is the vector space of 
sections of the vector bundle TqP X. Note that, as it follows from the exact sequence 
(4.4.11), there is an epimorphism 

TgP{X)^T{X). 

Let A e 0^{X)iSiTgP(X) be a principal connection (4.4.10). The associated Nijenhuis 
differential is 



dA : O'-iX) (8) TgP{X) ^ O'^+^X) (8) VgP{X), 
dA(t> = [A, 0]fn, e 0'{X) ® TgP{X). 



(4.4.14) 
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The strength of a principal connection A (4.4.10) is defined as the Vg-P- valued two-form 

Fa = ^dAA = ^[A,A]f^ e 0\X) ® VgP{X). (4.4.15) 
Its coordinated expression 

Fa = ^F^^dx^ A dx^ (g) Cr, 

Fl, = [dx + Ale,, d, + Ale.Y = (4.4.16) 
dxA', - d,A\ + cl^AlAl, 

results from the bracket (4.3.17). 

Remark 4.4.3. It should be emphasized that the strength Fa (4.4.15) is not the 
standard curvature (3.3.1) of a principal connection because A (4.4.10) is not a tangent- 
valued form. The curvature of a principal connection A (4.4.1) on P is the FP- valued 
two-form R (3.3.1) on P, which is brought into the g^-valued form owing to the canonical 
isomorphism (4.3.9). • 

Remark 4.4.4. Given a principal connection A (4.4.9), let be a vertical principal 
automorphism of the bundle of principal connections C. The connection A' = o A is 
called conjugate to a principal connection A. The strength forms (4.4.15) of conjugate 
principal connections A and A' coincide with each other, i.e.. Fa — Fa'. • 



4.5 Canonical principal connection 

Given a principal G-bundle P — > X and its jet manifold J^P, let us consider the canonical 
morphism ^(i) (2.1.5) where Y = P. By virtue of Remark 1.2.2, this morphism defines 
the morphism 

e : J^PxTP ^ VP. 
p 

Taking its quotient with respect to G, we obtain the morphism 

CxTgP^VgP, (4.5.1) 

X 

9{dx) = -alcp, 9{ep) = Sp. 

Consequently, the exact sequence (4.4.11) admits the canonical splitting over C. 

In view of this fact, let us consider the pull-back principal G- bundle Pg (4.4.4). Since 

Vg{C xP)^Cx VgP, Tg(C xP)^TCx TgP, (4.5.2) 

X X X X 

the exact sequence (4.4.11) for the principal bundle Pc reads 

^ C X VqP — >TCx TgP — ^ PC ^ 0. (4.5.3) 

X C X 
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The morphism (4.5.1) yields the horizontal splitting (3.1.3): 
TC X TgP — >Cx TgP — >Cx VgP, 

XXX 

of the exact sequence (4.5.3). Thus, it defines the principal connection 
A:TC^TCx TgP, 

X 

A = dx^(^ {dx + a\ep) + da\ ® d^, (4.5.4) 
AeO\C)®TG{CxP){X), 

on the principal bundle 

Pc^CxP ^C. (4.5.5) 

X 

It follows that the principal bundle Pq admits the canonical principal connection (4.5.4). 
Following the expression (4.4.15), let us define the strength 
Fa = \dAA = \[A, A] e 0\C) ® VgP{X), 

Fa = {da^ A dx^" + -c^^alaldx^ A dx^") ® e^, (4.5.6) 

of the canonical principal connection A (4.5.4). It is called the canonical strength because, 
given a principal connection A (4.4.9) on a principal bundle P — > X, the pull-back 

A* Fa = Fa (4.5.7) 

is the strength (4.4.16) of A. 

With the VcP-valued two-form Fa (4.5.6) on C, let us define the Vc-P-valued hori- 
zontal two-form 

^ = ho{FA) = ^J'l^.dx^ A dx" ® Er, 

on J^C. It is called the strength form. For each principal connection A (4.4.9) on P, the 
pull-back 

^ (4 5 9) 

is the strength (4.4.16) of A. 

The strength form (4.5.8) yields an affine surjection 

T/2 -.J^C — >Cx{X T*X VgP) (4.5.10) 

C X 
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over C of the affine jet bundle J^C —> C to the vector (and, consequently, affine) bundle 

Cx(AT*X(g)VGP)^C. 

X 

By virtue of Theorem 1.1.10, its kernel C+ = Ker is an affine subbundle of J^C — > C. 
Thus, we have the canonical splitting of the affine jet bundle 

J^C = C+®C- = C+®(CxAT*X(^VgP), (4.5.11) 

C C X 

= ^(^, + 51,) = l{a\^ + al, - c^^alaD + (4.5.12) 

The jet manifold J^C plays a role of the configuration space of classical gauge theory 
on principal bundles. 

4.6 Gauge transformations 

In classical gauge theory, gauge transformations are defined as principal automorphisms 
of a principal bundle P. In accordance with Remark 4.3.4, an automorphism $p of a 
principal G-bundle P is called principal if it is equivariant under the right action (4.3.2) 
of a structure group G on P, i.e., 

^p{pg) = ^p{p)g, geG, p e P. (4.6.1) 

In particular, every vertical principal automorphism of a principal bundle P is repre- 
sented as 

$p(p)=p/(p), P^P, (4.6.2) 
where / is a G- valued equivariant function on P, i.e., 

fipg) = 9''fip)g, 9 e G. (4.6.3) 

There is one-to-one correspondence between the equivariant functions / (4.6.3) and the 
global sections s of the associated group bundle 

TTpG -.P^^X (4.6.4) 

whose fibres are groups isomorphic to G and whose typical fibre is the group G which 
acts on itself by the adjoint representation. This one-to-one correspondence is defined by 
the relation 

S{MP))P-Pfip), P^P, (4.6.5) 
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(see Example 4.7.3). The group of vertical principal automorphisms of a principal G- 
bundle is called the gauge group. It is isomorphic to the group P'^(X) of global sections 
of the group bundle (4.6.4). Its unit element is the canonical global section 1 of P*^ — > X 
whose values are unit elements of fibres of P^. 

Remark 4.6.1. Note that transition functions of atlases of a principle bundle P also 
are represented by local sections of the associated group bundle P^ (4.6.4). • 

Let us consider (local) one-parameter groups of principal automorphisms of P. Their 
infinitesimal generators arc G-invariant projcctable vector fields ^ on P, and vice versa. 
We call ^ the principal vector fields or the infinitesimal gauge transformations. They are 
represented by sections ^ (4.3.16) of the vector bundle TqP (4.3.11). Principal vector fields 
constitute a real Lie algebra TgP{X) with respect to the Lie bracket (4.3.17). Vertical 
principal vector fields are the sections 

e - e% (4.6.6) 

of the gauge algebra bundle VgP — > X (4.3.11). They form a finite-dimensional Lie 
C°°(X)-algebra g{X) = VgP{X) (4.3.18) that has been called the gauge algebra. 

Any (local) one-parameter group of principal automorphism $p (4.6.1) of a princi- 
pal bundle P admits the jet prolongation J^$p (2-1-7) to a one-parameter group of G- 
equivariant automorphism of the jet manifold J^P which, in turn, yields a one-parameter 
group of principal automorphisms of the bundle of principal connections C (4.4.3). 
Its infinitesimal generator is a vector field on C, called the principal vector field on C and 
regarded as an infinitesimal gauge transformation of C. Thus, any principal vector field 
^ (4.3.16) on P yields a principal vector field on C, which can be defined as follows. 

Using the morphism (4.5.1), we obtain the morphism 

^\e:C ^VgP, 
which is a section of of the Lie algebra bundle 
Vg(C xP)^C 

X 

in accordance with the first formula (4.5.2). Then the equation 

uniquely determines a desired vector field on C. A direct computation leads to 

U( = + {d,e + - ald.nd^. (4.6.7) 

In particular, if ^ is a vertical principal field (4.6.6), we obtain the vertical vector field 



(4.6.8) 
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Remeirk 4.6.2. The jet prolongation (2.1.8) of the vector field (4.6.7) onto J^C 
reads 

J\ = + {d,,C + cl^A^' + Vx,^' - (4-6.9) 

Example 4.6.3. Let A (4.4.10) be a principal connection on P. For any vector field 
r on X, this connection yields a section 

T\A^T^dx + AlT\ 

of the vector bundle TqP — X. It, in turn, defines a principal vector field (4.6.7) on the 
bundle of principal connection C which reads 

TA = T^a, + {d,{AlT'') + cl^alAlT'^ - ald.T^d^, (4.6.10) 

It is readily justified that the monomorphism 

TgP{X) BC^u^e T{C) (4.6.11) 
obeys the equality 

^Kfl] = (4.6.12) 

i.e., it is a monomorphism of the real Lie algebra TgP{X) to the real Lie algebra T{C). 
In particular, the image of the gauge algebra G{X) in T(C) also is a real Lie algebra, but 
not the C°°(X)-one because 

uf^^fu^, feC^(X). 

Remark 4.6.4. A glance at the expression (4.6.7) shows that the monomorphism 
(4.6.11) is a linear first order differential operator which sends sections of the pull-back 
bundle 

C X TgP C 

X 

onto sections of the tangent bundle TC — > C. Refereing to Definition 7.2.10, we therefore 
can treat principal vector fields (4.6.7) as infinitesimal gauge transformations depending 
on gauge parameters ^ e TgP{X). • 
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4.7 Geometry of associated bundles 

Given a principal G-bundle P (4.3.1), any associated G-bundle over X with a typical fibre 
V is equivalent to the following one. 
Let us consider the quotient 

Y=(PxV)/G (4.7.1) 

of the product P x V hj identification of elements {p, v) and {pg, g~^v) for all g & G. Let 
[p] denote the restriction of the canonical surjection 

PxV^{PxV)/G (4.7.2) 

to the subset {p} x y so that 

\p]{v) = \pg]{g~^v). 

Then the map 

Y 3 \p]{V) ^ 7Tp{p) e X 

makes the quotient Y (4.7.1) into a fibre bundle over X. This is a smooth G-bundle with 
the typical fibre V which is associated with the principal G-bundle P. For short, we call 
it the P-associated bundle. 

Remark 4.7.1. The tangent morphism to the morphism (4.7.2) and the jet prolon- 
gation of the morphism (4.7.2) lead to the bundle isomorphisms 

TY = {TP X TV) /G, (4.7.3) 
J^Y ^(J^P xV)/G. (4.7.4) 



The peculiarity of the P-associated bundle Y (4.7.1) is the following, 
(i) Every bundle atlas = {([/«, Za)} (4.3.5) of P defines a unique associated bundle 
atlas 

* = {iUa,M^) = Mx)]-^)} (4.7.5) 

of the quotient Y (4.7.1). 

Example 4.7.2. Because of the splitting (4.3.9), the Lie algebra bundle 

VgP ={Px Qi)/G, 

by definition, is of the form (4.7.1). Therefore, it is a P-associated bundle. • 
Example 4.7.3. The group bundle P (4.6.4) is defined as the quotient 



(PxG)/G, (4.7.6) 
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where the group G which acts on itself by the adjoint representation. There is the following 
fibre-to-fibre action of the group bundle P*^ on any P-associated bundle Y (4.7.1): 

P^xY — >Y, 

X X 

{{p, g)/G, (p, v)/G) ^ (p, gv)/G, geG, veV. 

For instance, the action of P"-^ on P in the formula (4.6.5) is of this type. • 

(ii) Any principal automorphism $p (4.6.1) of P yields a unique principal automor- 
phism 

$y : (p, v)/G ^ {Mp),v)/G, peP, veV, (4.7.7) 

of the P-associated bundle Y (4.7.1). For the sake of brevity, we agree to write 

$y : (P X V)/G ($p(P) X V)/G. 

Accordingly, any (local) one-parameter group of principal automorphisms of P induces a 
(local) one-parameter group of automorphisms of the P-associated bundle Y (4.7.1). Pass- 
ing to infinitesimal generators of these groups, we obtain that any principal vector field 
^ (4.3.16) yields a vector field on Y regarded as an infinitesimal gauge transformation 
of Y. Owing to the bundle isomorphism (4.7.3), we have 

v^:X^ (^(P) X TV)/G C TY, 

v^^edx+ei;di, (4.7.8) 

where {Ip} is a representation of the Lie algebra Qj. of G in V. 

(iii) Any principal connection on P — > X defines a unique connection on the P- 
associated fibre bundle Y (4.7.1) as follows. Given a principal connection A (4.4.8) on 
P and the corresponding horizontal distribution HP C TP, the tangent map to the 
canonical morphism (4.7.2) defines the horizontal splitting of the tangent bundle TY of Y 
(4.7.1) and the corresponding connection onY^X. Owing to the bundle isomorphism 
(4.7.4), we have 

A:{PxV)/G^ {A{P) xV)/Gg J% 

A^dx^®(dx + Ali;di), (4.7.9) 

where {Ip} is a representation of the Lie algebra Qr of G in V. The connection A (4.7.9) 
on Y is called the associated principal connection or, simply, a principal connection on 
y — > X. The curvature (3.3.2) of this connection takes the form 

R = ^F^^Ppdx^ A dx^ ® di. (4.7.10) 
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Example 4.7.4. A principal connection A on P yields the associated connection 
(4.7.9) on the associated Lie algebra bundle VqP which reads 

A^dx^® (9, - c-A^^e^). (4.7.11) 

Remctrk 4.7.5. If an associated principal connection A is hnear, one can define its 
strength 

FA^^FlIpdx^Adx^, (4.7.12) 

where Ip are matrices of a representation of the Lie algebra Qr in fibres of Y with respect 
to the fibre bases {ei{x)}. They coincide with the matrices of a representation of g,. in 
the typical fibre V of Y with respect to its fixed basis {cj} (see the relation (1.2.1)). It 
follows that G- valued transition functions act on Ip by the adjoint representation. Note 
that, because of the canonical splitting (1.2.8), one can identify ei{x) = di. • 

In view of the above mentioned properties, the P-associated bundle Y (4.7.1) is called 
canonically associated to a principal bundle P. Unless otherwise stated, only canonically 
associated bundles are considered, and we simply call Y (4.7.1) an associated bundle. 



4.8 Reduced structure 

Let H and G be Lie groups and (p : H ^ G a. Lie group homomorphism. If Ph — > X is a 
principal i?-bundle, there always exists a principal G-bundle Pq ^ X together with the 
principal bundle morphism 

^■.Ph—^Pg (4.8.1) 
over X (see Remark 4.3.4). It is the Pff-associated bundle 

Pg = (Ph X G)/H 

with the typical fibre G on which H acts on the left by the rule h{g) = (pijijg, while G 
acts on Pg as 

G3g' ■.{p,g)/H^{p,gg')/H. 

Conversely, if Pg — ^ -'^ is a principal G-bundle, a problem is to find a principal if-bundle 
Ph X together with a principal bundle morphism (4.8.1). If if — G is a closed 
subgroup, we have the structure group reduction. If if ^ G is a group epimorphism, one 
says that Pq lifts to Ph- 

Here, we restrict our consideration to the reduction problem. In this case, the bundle 
monomorphism (4.8.1) is called a reduced H-structure. 
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Let P (4.3.1) be a principal G-bundle, and let H, dimH > 0, be a closed (and, 
consequently, Lie) subgroup of G. Then we have the composite bundle 

P P/H X, (4.8.2) 

where 

p^ = p1£^p/H (4.8.3) 

is a principal bundle with a structure group H and 

E = P///^X (4.8.4) 

is a P-associated bundle with the typical fibre G/ H on. which the structure group G acts 
on the left (see Example 4.3.2). 

One says that a structure Lie group G of a principal bundle P is reduced to its closed 
subgroup H if the following equivalent conditions hold. 

• A principal bundle P admits a bundle atlas (4.3.3) with if- valued transition 
functions Qap- 

• There exists a principal reduced subbundle Ph of P with a structure group H. 
Theorem 4.8.1. There is one-to-one correspondence 

P^^npUh(X)) (4.8.5) 

between the reduced principal if-subbundles ih : P^ ^ P oi P and the global sections h 
of the quotient bundle P/H X (4.8.4). □ 

Corollary 4.8.2. A glance at the formula (4.8.5) shows that the reduced principal 
iJ-bundle P^ is the restriction /i*Ps (1.1.13) of the principal i7-bundle Ps (4.8.3) to 

h{X) c E. □ 

In general, there is topological obstruction to reduction of a structure group of a 
principal bundle to its subgroup. 

Theorem 4.8.3. In accordance with Theorem 1.1.4, the structure group G of a 
principal bundle P is always reducible to its closed subgroup H, if the quotient G/H is 
diffeomorphic to a Euclidean space M™. □ 

In particular, this is the case of a maximal compact subgroup if of a Lie group G. 
Then the following is a corollary of Theorem 4.8.3. 

Theorem 4.8.4. A structure group G of a principal bundle is always reducible to its 
maximal compact subgroup if. □ 

Example 4.8.1. For instance, this is the case of G = GL(n, C), H = U{n) and 
G = GL{n,B), H = 0{n). • 

Example 4.8.2. Any affine bundle admits an atlas with linear transition functions. 
In accordance with Theorem 4.8.3, its structure group GA{'m, R) is always reducible to 
the linear subgroup GL{m, M) because 

GA{m, R) /GL{m, M) = 
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• 

Different principal iZ-sul^l^undles P^ and P'*' of a principal G-bundle P are not iso- 
morphic to each other in general. 

Theorem 4.8.5. Let a structure Lie group G of a principal bundle be reducible to 
its closed subgroup H. 

(i) Every vertical principal automorphism $ of P sends a reduced principal if-subbundle 
P'^ of P onto an isomorphic principal /J-subbundle P^ . 

(ii) Conversely, let two reduced subbundles P^ and P^ of a principal bundle P — > X 
be isomorphic to each other, and let $ : P^ — > P^ be their isomorphism over X. Then $ 
is extended to a vertical principal automorphism of P. □ 

Theorem 4.8.6. If the quotient G/H is homeomorphic to a Euclidean space M."^, 
all principal if-subbundles of a principal G-bundle P are isomorphic to each other. □ 

There are the following properties of principal connections compatible with a reduced 
structure. 

Theorem 4.8.7. Since principal connections are equivariant, every principal connec- 
tion Ah on a reduced principal i^-subbundle P^ of a principal G-bundle P gives rise to a 
principal connection on P. □ 

Theorem 4.8.8. A principal connection A on a principal G-bundle P is reducible to 
a principal connection on a reduced principal if-subbundle P^ of P iff the corresponding 
global section h of the P-associated fibre bundle P/i? —> X is an integral section of the 
associated principal connection A on P/H ^ X. □ 

Theorem 4.8.9. Let the Lie algebra Qi of G be the direct sum 

di^i}i®m (4.8.6) 

of the Lie algebra i)i of H and a subspace m such that Adg(m) G ra, g & H (e.g., H is a. 
Cartan subgroup of G). Let A be a grvalued connection form (4.4.12) on P. Then, the 
pull-back of the {)rvalued component of A onto a reduced principal if-subbundle P'* is a 
l^;-valued connection form of a principal connection A^ on P^. □ 
The following is a corollary of Theorem 4.4.2. 

Theorem 4.8.10. Given the composite bundle (4.8.2), let A^, be a principal connec- 
tion on the principal iJ-bundle P ^ E (4.8.3). Then, for any reduced principal if-bundle 
i/i : P'* — > P, the pull-back connection i^A^ (3.6.14) is a principal connection on P^. □ 



Chapter 5 

Geometry of natural bundles 



Classical gravitation theory is formulated as field theory on natural bundles, exemplified 
by tensor bundles. Therefore, we agree to call connections on these bundles the world 
connections. 

5.1 Natural bundles 

Let TT : y — > X be a smooth fibre bundle coordinated by {x^,y^). Any automorphism 
($, /) of y, by definition, is projected as 

TT O $ = / O TT 

onto a diffeomorphism / of its base X. The converse is not true. A diffeomorphism of X 
need not give rise to an automorphism of Y. unless Y ^ X is a trivial bundle. 

Given a one-parameter group ft) of automorphisms of Y, its infinitesimal generator 
is a projectable vector field 

u = u^{x^)dx + u'{x^,y^)di 

on Y. This vector field is projected as 

T OTT — TtT O U 

onto a vector field r = u^dx on X. Its fiow is the one-parameter group {ft) of diffeomor- 
phisms of X which are projections of autmorphisms ft) of Y . Conversely, let r = T^d\ 
be a vector field on X. There is a problem of constructing its lift to a projectable vector 
field 

u = T^dx + u^di 

on Y projected onto r. Such a lift always exists, but it need not be canonical. Given 
a connection F on Y, any vector field r on X gives rise to the horizontal vector field 
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Ft (3.1.6) on Y. This horizontal hft r — > Fr yields a monomorphism of the C°°(X)- 
module T{X) of vector fields on X to the C°°(y)-module of vector fields on Y, but this 
monomorphisms is not a Lie algebra morphism, unless F is a flat connection. 

Let us address the category of natural bundles T ^ X which admit the functorial lift 
f onto T of any vector field r on X such that r — > r is a monomorphism 



of the real Lie algebra T{X) of vector fields on X to the real Lie algebra T{Y) of vector 
fields on T. One treats the functorial lift r as an infinitesimal general covariant transfor- 
mation, i.e., an infinitesimal generator of a local one-parameter group of general covariant 
transformations of T. 

Remcirk 5.1.1. It should be emphasized that, in general, there exist diffeomorphisms 
of X which do not belong to any one-parameter group of diffeomorphisms oi X. In a 
general setting, one therefore considers a monomorphism / — > / of the group of diffeo- 
morphisms of X to the group of bundle automorphisms of a natural bundle T ^ X. 
Automorphisms / are called general covariant transformations of T. No vertical auto- 
morphism of T, unless it is the identity morphism, is a general covariant transformation. 
• 

Natural bundles are exemplified by tensor bundles (1.2.5). For instance, the tangent 
and cotangent bundles TX and T*X of X are natural bundles. Given a vector field r 
on X, its functorial (or canonical) lift onto the tensor bundle T (1.2.5) is given by the 
formula (1.3.2). In particular, let us recall the functorial lift (1.3.4) and (1.3.5) of r onto 
the tangent bundle TX and the cotangent bundle T*X, respectively. 

Remark 5.1.2. Any diffeomorphism f oi X gives rise to the tangent automorphisms 
/ = Tf of TX which is a general covariant transformation of TX as a natural bundle. 
Accordingly, the general covariant transformation of the cotangent bundle T*X over a 
diffeomorphism / of its base X reads 



T{X)^T{T), 



[f,f'] = [t,t']. 




dx' 



dx'f" 



■X: 



V 



Tensor bundles over a manifold X have the structure group 



GL^^GL+{n, R). 



(5.1.1) 



The associated principal bundle is the fibre bundle 



ttlx '■ LX — > X 



of oriented linear frames in the tangent spaces to a manifold X. It is called the linear 
frame bundle. Its (local) sections are termed frame fields. 
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Given holonomic frames {9^} in the tangent bundle TX associated with the holonomic 
atlas (1-2.4), every element {Ha} of the linear frame bundle LX takes the form 
Ha — H^d^, where H^ is a matrix of the natural representation of the group GL^ in W^. 
These matrices constitute the bundle coordinates 

(x^ H^) H'^ = ——H^ 

on LX associated to its holonomic atlas 

<i!T = m,z, = {d,})} (5.1.2) 

given by the local frame fields = {d^}. With respect to these coordinates, the right 
action (4.3.2) of GL„ on LX reads 

R,P : H^ ^ H^g\, g e GL^. 

The frame bundle LX admits the canonical R"-valued one-form 

9LX = H^^dx''®ta, (5.1.3) 



where {ta} is a fixed basis for and H^^ is the inverse matrix of H^ 



The frame bundle LX X belongs to the category of natural bundles. Any diffeo- 
morphism / of X gives rise to the principal automorphism 

/: ix\H^) ^ {f\x),d,f'H^) (5.1.4) 

of LX which is its general covariant transformation (or a holonomic automorphism). For 
instance, the associated automorphism of TX is the tangent morphism Tf to /. 

Given a (local) one-parameter group of diffeomorphisms of X and its infinitesimal 
generator r, their lift (5.1.4) results in the functorial lift 

f = r'^^, + 9.r"K^ (5.1.5) 
of a vector field r on X onto LX defined by the condition 
Mlx = 0. 

Every LX-associated bundle Y ^ X admits a lift of any diffeomorphism / of its base 
to the principal automorphism /y(4.7.7) of y associated with the principal automorphism 
/ (5.1.4) of the finer frame bundle LX. Thus, all bundles associated with the finear 
frame bundle LX are natural bundles. However, there are natural bundles which are not 

associated with LX. 

Remark 5.1.3. In a more general setting, higher order natural bundles and gauge 
natural bundles are considered. Note that the linear frame bundle LX over a manifold 
X is the set of first order jets of local diffeomorphisms of the vector space R" to X, 
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n — dimX, at the origin of M". Accordingly, one considers r-order frame bundles L^X of 
r-order jets of local diffeomorphisms of R" to X. Furthermore, given a principal bundle 
P ^ X with a structure group G, the r-order jet bundle J^P — > X of its sections fails to 
be a principal bundle. However, the product 

wp = L'^x X rp 

is a principal bundle with the structure group W^G which is a semidirect product of 
the group of invertible r-order jets of maps IR" to itself at its origin (e.g., = 
GL{n,M.)) and the group TJ'^G of r-order jets of morphisms G at the origin of 

M". Moreover, if F — X is a P-associated bundle, the jet bundle J^Y — > X is a vector 
bundle associated with the principal bundle W^P. It exemplifies gauge natural bundles 
which can be described as fibre bundles associated with principal bundles W^P. Natural 
bundles are gauge natural bundles for a trivial group G — 1. The bundle of principal 
connections C (4.4.3) is a first order gauge natural bundle. • 

5.2 Linear world connections 

Since the tangent bundle TX is associated with the linear frame bundle LX, every world 
connection (3.4.6): 



on a manifold X is associated with a principal connection on LX. We agree to call F 
(5.2.1) the linear world connection in order to distinct it from an afhne world connection 
in Section 5.3. 

Being principal connections on the linear frame bundle LX, linear world connections 
are represented by sections of the quotient bundle 



called the bundle of world connections. With respect to the holonomic atlas (5.1.2), 
this bundle is provided with the coordinates 



(5.2.1) 



Cw — J^LXj GL,^ 



(5.2.2) 




k 



.1^ _ 

A a — 



dx'" dx^ 
dx^ dx'" 




dx'" dxi^dxi^ dx'^ ' 



dx^ d'^x'" 1 dx^ 



so that, for any section F of Cw — > X, 



V 



a 



are components of the linear world connection F (5.2.1). 
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Though the bundle of world connections Cw — > X (5.2.2) is not LX-associated, it is 
a natural bundle. It admits the lift 

fc : J^LX/GLn ^ J'f{J'LX)/GLn 
of any diffeomorphism / of its base X and, consequently, the functorial lift 



fc = rf^d, + [d^r'^k^^p - d^T^k,\ - d^rVp + d^^r^] (5.2.3) 



of any vector field r on X. 

The first order jet manifold J^C^j of the bundle of world connections admits the 
canonical splitting (4.5.11). In order to obtain its coordinate expression, let us consider 
the strength (4.7.12) of the hnear world connection F (5.2.1). It reads 

Ft = ]^F^^\h^dx'^ A dx^" = ^R^.'^pdx^ A dx^, 

where 

are generators of the group GL^ (5.1.1) in fibres of TX with respect to the holonomic 
frames, and 

i?A//3 = dxT^"p - d,T^% + T{'^T^% - r/^r^^ (5.2.4) 

are components if the curvature (3.4.8) of a linear world connection F. Accordingly, the 
above mentioned canonical splitting (4.5.11) of J^Cw can be written in the form 

A;a//j = ^(^a//3 + = (5.2.5) 

^( - -^ma"/? + A;a^/3 - V/s'^a"^) + 
+ k^x% - kx^fsk^% + V/3^A%). 
It is readily observed that, if F is a section of Cw — > X, then 

'T^\n°'f5 o <^^r = R\ij°'i3- 

Because of the canonical vertical splitting (1.4.11) of the vertical tangent bundle VTX 
of TX, the curvature form (3.4.8) of a linear world connection F can be represented by 
the tangent-valued two-form 

R = ]-R),i,'^i3x^dx^ A dx^" ® da (5.2.6) 
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on TX. Due to this representation, the Ricci tensor 

Rc = ^Rxi.^pdx'' ® dxf^ (5.2.7) 

of a hnear world connection F is defined. 

Owing to the above mentioned vertical splitting (1.4.11) of VTX, the torsion form T 
(3.4.9) of r can be written as the tangent-valued two-form 



T = -T^\dx^ A dx^" ® a^, (5.2.8) 

/, \ — L ,1 \ — I \ ,1, 



on X. The soldering torsion form 

T = T^^x^dx^" ® by (5.2.9) 

on TX is also defined. Then one can show the following. 

• Given a linear world connection T (5.2.1) and its soldering torsion form T (5.2.9), 
the sum F -|- cT, c e R, is a linear world connection. 

• Every linear world connection F defines a unique symmetric world connection 

F' = F - ^T. (5.2.10) 

• If F and F' are linear world connections, then 
cF + (l-c)F' 

is so for any c e M. 

A manifold X is said to be Hat if it admits a flat linear world connection F. By virtue 
of Theorem 3.5.2, there exists an atlas of local constant trivializations of TX such that 

V ^dx^® dx 

relative to this atlas. As a consequence, the curvature form R (5.2.6) of this connection 
equals zero. However, such an atlas is not holonomic in general. Relative to this atlas, 
the canonical soldering form (1.4.7) on TX reads 

Oj = H^dx^'da, 

and the torsion form T (3.4.9) of F defined as the Nijenhuis differential drOj (3.3.8) need 
not vanish. 

A manifold X is called parallelizable if the tangent bundle TX X is trivial. By 
virtue of Theorem 3.5.2, a parallelizable manifold is fiat. Conversely, a fiat manifold is 
parallelizable if it is simply connected. 
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Every linear world connection F (5.2.1) yields the horizontal lift 

rT^T\dx + r/^x%) (5.2.11) 

of a vector field r on X onto the tangent bundle TX. A vector field r on X is said to 
be parallel relative to a connection F if it is an integral section of F. Its integral curve is 
called the autoparallel of a world connection F. 

Remark 5.2.1. By virtue of Theorem 3.2.2, any vector field on X is an integral 
section of some linear world connection. If r{x) 7^ at a point x E X, there exists a 
coordinate system (g*) on some neighbourhood ^7 of a; such that t\x) =const. on U. 
Then r on [/ is an integral section of the local symmetric linear world connection 

r^(a;) = dq' ® di, x E U, (5.2.12) 

on U. The functorial lift f (1.3.4) can be obtained at each point x E X as the horizontal 
lift of r by means of the local symmetric connection (5.2.12). • 

The horizontal lift of a vector field r on X onto the linear frame bundle LX by means 
of a world connection K reads 

rr = r^(a, + F/.i/:^). (5.2.13) 
It is called standard if the morphism 

u\eLx -.Lx-^w 

is constant on LX. It is readily observed that every standard horizontal vector field on 
LX takes the form 

= (^dx + TA^a^:^) (5-2.14) 

where v = vHb eW. A glance at this expression shows that a standard horizontal vector 
field is not projectablc. 

Since TX is an LX-associatcd fibre bundle, we have the canonical morphism 

LX xW ^ TX, {H^, -u") ^x"^ H^v". 

The tangent map to this morphism sends every standard horizontal vector field (5.2.14) 
on LX to the horizontal vector field 

u^x\dx + rx\x^d,) (5.2.15) 

on TX. Such a vector field on TX is called holonomic. Given holonomic coordinates 
{x^ , x^^ , x^^ , x^) on the double tangent bundle TTX, the holonomic vector field (5.2.15) 
defines the second order dynamic equation 

x'' = rx'^aX^x'' (5.2.16) 
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on X which is called the geodesic equation with respect to a linear world connection F. 
Solutions of the geodesic equation (5.2.16), called the geodesies of F, are the projection 
of integral curves of the vector field (5.2.15) in TX onto X. Moreover, one can show the 
following. 

Theorem 5.2.1. The projection of an integral curve of any standard horizontal vector 
field (5.2.14) on LX onto X is a geodesic in X. Conversely, any geodesic in X is of this 
type. □ 

It is readily observed that, if linear world connections F and F' differ from each other 
only in the torsion, they define the same holonomic vector field (5.2.15) and the same 
geodesic equation (5.2.16). 

Let r be an integral vector field of a linear world connection F, i.e., V|^r = 0. Conse- 
quently, it obeys the equation r^Vj^r = 0. Any autoparallel of a linear world connection 
F is its geodesic and, conversely, a geodesic of F is an autoparallel of its symmetric part 
(5.2.10). 

5.3 AfRne world connections 

The tangent bundle TX of a manifold X as like as any vector bundle possesses a nat- 
ural structure of an affine bundle (see Section 1.2). Therefore, one can consider affine 
connections on TX, called affine world connections. Here we study them as principal 
connections. 

Let y ^ X be an affine bundle with an /c-dimensional typical fibre V. It is associated 
with a principal bundle AY of affine frames in Y, whose structure group is the general 
affine group GA{k, M). Then any affine connection on y — > X can be seen as an associated 
with a principal connection on AY X. These connections are represented by global 
sections of the affine bundle 

J^P/GA{k,R) -^X. 

They always exist. 

As was mentioned in Section 1.3.5, every affine connection F (3.4.12) onY ^ X defines 
a unique associated linear connection F (3.4.13) on the underlying vector bundle Y ^ X. 
This connection F is associated with a linear principal connection on the principal bundle 
LY of linear frames in Y whose structure group is the general linear group GL{k, R). We 
have the exact sequence of groups 

^ Tk ^ GA{k,R) ^ GL{k,R) ^ 1, (5.3.1) 

where Tk is the group of translations in R*^. It is readily observed that there is the 
corresponding principal bundle morphism AY — > LY over X, and the principal connection 
F on LY is the image of the principal connection F on AY X under this morphism in 
accordance with Theorem 4.4.3. 
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The exact sequence (5.3.1) admits a splitting 
GL{k,R) GA{k,R), 
but this sphtting is not canonical. It depends on the morphism 
V3v^v — vo&V, 

i.e., on the choice of an origin vo of the afhne space V. Given vq, the image of the 
corresponding monomorphism 

GL{k,R) GA{k,R) 

is a stabilizer 

G{vo) C GA{k,R) 

of Vq. Different subgroups G{vo) and G{vq) are related to each other as follows: 
G(v',) = T{v', - vo)G(vo)T-\v', - vo), 

where T{vq — Vq) is the translation along the vector {v'q — Vq) G V. 

Remark 5.3.1. Accordingly, the well-known morphism of a A;-dimensional affine 
space V onto a hypersurface y*^"*"^ = 1 in R*^"*"^ and the corresponding representation of 
elements of GA{k,R) by particular (A; + 1) x (A; + l)-matriccs also fail to be canonical. 
They depend on a point vq E V sent to vector (0, . . . , 0, 1) G M'''^"'^. • 

One can say something more if F — > X is a vector bundle provided with the natural 
structure of an affine bundle whose origin is the canonical zero section 0. In this case, 
we have the canonical splitting of the exact sequence (5.3.1) such that GL{k,R) is a 
subgroup of GA{k, R) and GA{k, R) is the semidirect product of GL{k, R) and the group 
T(A;,R) of translations in R^. Given a GA(A;, ]R)-principal bundle AY X, its affine 
structure group GA{k,R) is always reducible to the linear subgroup since the quotient 
GA{k,R)/GL{k,R) is a vector space R'^ provided with the natural affine structure (see 
Example 4.8.2). The corresponding quotient bundle is isomorphic to the vector bundle 
Y ^ X. There is the canonical injection of the linear frame bundle LY — > AY onto the 
reduced ^^(A;, R)-principal subbundle of AY which corresponds to the zero section of 
y — > X. In this case, every principal connection on the linear frame bundle LY gives rise 
to a principal connection on the affine frame bundle in accordance with Theorem 4.8.7. 
This is equivalent to the fact that any affine connection F on a vector bundle Y ^ X 
defines a linear connection FonY^X and that every linear connection onY ^ X can 
be seen as an affine one. Then any affine connection F on the vector bundle Y ^ X is 
represented by the sum of the associated linear connection F and a basic soldering form 
aonY^X. Due to the vertical splitting (1.2.8), this soldering form is represented by 
a global section of the tensor product T*X (g) Y. 
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Let now Y ^ X he the tangent bundle TX — >■ X considered as an affinc bundle. Then 
the relationship between affinc and linear world connections on TX is the repetition of 
that we have said in the case of an arbitrary vector bundle Y ^ X. In particular, any 
affine world connection 

r^dx^® {dx + rA%(x)i;'^ + 

on TX — > X is represented by the sum of the associated linear world connection 

r = Tx''f,ix)x''dx^ ® dc, 

on TX X and a basic soldering form 

a = a^(x)dx^ (g) a„ (5.3.4) 

onY^X, which is the (1, l)-tensor field on X. For instance, if cr = 6*^ (1.4.5), we have 
the Cartan connection (3.4.15). 

It is readily observed that the soldered curvature (3.3.7) of any soldering form (5.3.4) 
equals zero. Then we obtain from (3.3.10) that the torsion (3.4.14) of the affine connection 
r (5.3.2) with respect to a (5.3.4) coincides with that of the associated linear connection 
r (5.3.3) and reads 

T = ^Ti^dx^" A dx^ (8) di, 

Tx\ = Tx'^uCt; - T^^^al (5.3.5) 

The relation between the curvatures of an afiine world connection F (5.3.2) and the asso- 
ciated linear connection F (5.3.3) is given by the general expression (3.3.11) where p = 
and T is (5.3.5). 



(5.3.2) 



(5.3.3) 



Chapter 6 

Geometry of graded manifolds 



In classical field theory, there are different descriptions of odd fields on graded manifolds 
and supermanifolds. Both graded manifolds and supermanifolds are phrased in terms of 
sheaves of graded commutative algebras. However, graded manifolds are characterized by 
sheaves on smooth manifolds, while supermanifolds are constructed by gluing of sheaves 
on supervector spaces. Treating odd fields on a manifold X, we follow the Serre~Swan 
theorem generahzed to graded manifolds (Theorem 6.3.2). It states that, if a Grassmann 
algebra is an exterior algebra of some projective C°°(X)-module of finite rank, it is iso- 
morphic to the algebra of graded functions on a graded manifold whose body is X. By 
virtue of this theorem, odd fields on an arbitrary manifold X are described as generating 
elements of the structure ring of a graded manifold whose body is X. 

6.1 Grassmann-graded algebraic calculus 

Throughout the Lectures, by the Grassmann gradation is meant Z2-gradation. Hereafter, 
the symbol [.] stands for the Grassmann parity. In the literature, a Z2-gradcd structure 
is simply called the graded structure if there is no danger of confusion. Let us summarize 
the relevant notions of the Grassmann-graded algebraic calculus. 

An algebra A is called graded if it is endowed with a grading automorphism 7 such 
that 7^ = Id . A graded algebra falls into the direct sum A — Aq® Ai oi Z-modules ^0 
and Ai of even and odd elements such that 

7(a) = (-l)'a, aeAi, « = 0, 1, 

[aa'] = ([a] + [a'])mod2, a e A[a], a' e A[a']- 

One calls Aq and Ai the even and odd parts of A, respectively. The even part Ao is a 
subalgebra of A and the odd one Ai is an ^o-module. If ^ is a graded ring, then [1] = 0. 
A graded algebra A is called graded commutative if 

aa' = (-l)M[«'la'a, 
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where a and a' arc graded-homogcncous elements of A. 

Given a graded algebra A, a left graded A-niodule Q is defined as a left ^-module 
provided with the grading automorphism 7 such that 

7(ag) = 7(a)7(g), a e A, q e Q, 
[aq] = ([a] + [g])mod2. 

A graded module Q is spht into the direct sum Q — Qo® Qi oi two ^o-modules Qo and 

Qi of even and odd elements. 

If /C is a graded commutative ring, a graded A^-module can be provided with a graded 
JC-bimodule structure by letting 

ga= (-l)l"][«]ag, a e /C, qeQ. 

A graded /C- module is called free if it has a basis generated by graded- homogeneous 
elements. This basis is said to be of type (n, m) if it contains n even and m odd elements. 

In particular, by a real graded vector space B = BqQ) Bi is meant a graded M-module. 
A real graded vector space is said to be (n, m)-dimensional if Bq = M" and Bi = M™. 

Given a graded commutative ring /C, the following are standard constructions of new 
graded modules from old ones. 

• The direct sum of graded modules and a graded factor module are defined just as 
those of modules over a commutative ring. 

• The tensor product P ® Q of graded /C-modules P and Q is an additive group 
generated by elements p <S) q, p & P, q & Q, obeying the relations 

{p + p') ® q = p ® q + p' ^ q, 
p® {q + q) = p®q + p®q', 

ap®q = ®q = {-l)'^^^^''^p ® aq, a G IC. 

In particular, the tensor algebra ®P of a graded /C-module P is defined as that (8.1.5) of 
a module over a commutative ring. Its quotient f\P with respect to the ideal generated 
by elements 

p®p' + (-i)^'^V®p, p,p' ^ p, 

is the bigraded exterior algebra of a graded module P with respect to the graded exterior 
product 

• A morphism $ : P — > Q of graded /C-modules seen as additive groups is said to be 
even graded morphism (resp. odd graded morphism) if $ preserves (resp. change) the 
Grassmann parity of all graded-homogeneous elements of P and obeys the relations 

$(ap) = (-l)[*lMa$(p), peP, aeJC. 
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A morphism $ : P — > Q of graded /C-modules as additive groups is called a graded K,- 
modulc morphism if it is represented by a sum of even and odd graded morphisms. The 
set Homx:(-P, Q) of graded morphisms of a graded /C-module P to a graded /C-module Q 
is naturally a graded /C-module. The graded /C-module P* = Hom x:(P,/C) is called the 
dual of a graded /C-module P. 

A graded commutative IC-ring ^ is a graded commutative ring which also is a graded 
/C-module. A real graded commutative ring is said to be of rank if it is a free algebra 
generated by the unit 1 and A^ odd elements. A graded commutative Banach ring A is 
a real graded commutative ring which is a real Banach algebra whose norm obeys the 
condition 

||ao -I- Oill = ||ao|| -I- ||ai||, Qq e Aq, ai e Ai. 

Let y be a real vector space, and let A = AV be its exterior algebra endowed with 
the Grassmann gradation 

2k 2k— 1 

A = Ao©Ai, Ao = M0AV^, Ai=0AK (6.1.1) 

k=l k=l 

It is a real graded commutative ring, called the Grassmann algebra. A Grassmann algebra, 
seen as an additive group, admits the decomposition 

A = R©P = R©Po©^i = K© (Ai)^ © Ai, (6.1.2) 

where R is the ideal of nilpotents of A. The corresponding projections cr : A — > R and 
s : A — > P are called the body and soul maps, respectively. 

Hereafter, we restrict our consideration to Grassmann algebras of finite rank. Given 
a basis {c*} for the vector space V, the elements of the Grassmann algebra A (6.1.1) take 
the form 

E E a,,..,,c^^•••c^^ (6.1.3) 

fc=0,l,... (ii-ik) 

where the second sum runs through all the tuples (ii ■ ■ ■ ik) such that no two of them are 
permutations of each other. The Grassmann algebra A becomes a graded commutative 
Banach ring with respect to the norm 

ll^ll ~ E E 

k=0 

Let P be a graded vector space. Given a Grassmann algebra A, it can be brought into 
a graded A-module 

AP = (AP)o © (AP)i = (Ao Po © Ai Pi) © (Ai (g) Pq © Aq ® Pi), 
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called a superspace. The superspace 



(6.1.4) 



is said to be (n, m)-dimensional. The graded Ao-module 



s"'"^ = (eAo)e(eAi) 



is called an (n, m) -dimensional supervector space. Whenever referring to a topology on a 
supervector space S"'"*, we will mean the Euchdean topology on a 2^~^[n-|-m]-dimensional 
real vector space. 

Let /C be a graded commutative ring. A graded commutative (non-associative) /C- 
algebra q is called a Lie JC-superalgebra if its product [.,.], called the Lie superbracket, 
obeys the relations 



The even part go of a Lie /C-supcralgebra g is a Lie /Co-algebra. A graded /C-module P is 
called a Q-module if it is provided with a /C-bilinear map 

QX P 3 {e,p) ^ ep e P, [ep] = ([s] + [p])mod 2, 

(£0£'-(-l)[^l[^Vo£)p. 

6.2 Grassmann-graded differential calculus 

Linear differential operators on graded modules over a graded commutative ring are de- 
fined similarly to those in commutative geometry (Section 8.2). 

Let /C be a graded commutative ring and A a graded commutative /C-ring. Let P 
and Q be graded .4- modules. The graded /C-module Homx;(P, Q) of graded /C-module 
homomorphisms ^ : P ^ Q can be endowed with the two graded ^-module structures 

(a$)(p) = a$(p), ($ • a){p) = $(ap), a e A, p e P, (6.2.1) 

called A- and ^'-module structures, respectively. Let us put 



An element A e Horn jc{P, Q) is said to be a Q- valued graded differential operator of 
order s on P if 

for any tuple of s -|- 1 elements gq, . . . ,as of A. The set Diff ^(P, Q) of these operators 
inherits the graded module structures (6.2.1). 



[£,e'] = -(-l)M[^'l[e',5], 

(-l)l^l[^"l[£, [e',e"]] + (-l)[^'ll^][£', [e",e]] + (-1)1^""^'] [s", [e,e']] = 0. 



(5„$ = a$- (-l)["ll*l$«a, 



a e A. 



(6.2.2) 
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In particular, zero order graded differential operators obey the condition 

5aA(p) = aA{p) - (-l)W[^lA(ap) = 0, a e A, p e P, 

i.e., they coincide with graded ^-module morphisms P Q. A first order graded differ- 
ential operator A satisfies the relation 

6a o 6bA{p) = abA{p) - (-l)«'']+[^l)["]6A(ap) - {-l^'^^^^aAibp) + 
(_i)W[A]+([A]+M)[a] ^ 0^ peP. 

For instance, let P = A. Any zero order Q-valucd graded differential operator A on 
A is defined by its value A(l). Then there is a graded ^-module isomorphism 

Diffo(^,g) =Q, Q3q^ AgeDiSo{A,Q), 

where Ag is given by the equality Aq{l) = q. A first order Q- valued graded differential 
operator A on ^ fulfils the condition 

A{ab) = A{a)b + (-l)W[^laA(6) - (-l)«'']+W)[^la6A(l), a,b e A. 

It is called a Q-valued graded derivation of A if A(l) = 0, i.e., the Grassmann-graded 
Leibniz rule 

A{ab) = A{a)b + (-l)["][^laA(fe), a,beA, (6.2.3) 

holds. One obtains at once that any first order graded differential operator on A falls into 
the sum 

A(a) = A(l)a + [A(a) - A(l)a] 

of a zero order graded differential operator A(l)a and a graded derivation A(a) — A(l)a. 
If 9 is a graded derivation of A, then ad is so for any a E A. Hence, graded derivations 
of A constitute a graded ^-module d{A, Q), called the graded derivation module. 

If Q = ^, the graded derivation module dA also is a Lie superalgebra over the graded 
commutative ring /C with respect to the superbracket 

[u,u']^uou' ou, u,u'eA. (6.2.4) 

We have the graded ^-module decomposition 

DiSi{A) ^ A®^A. (6.2.5) 

Since DA is a Lie /C-superalgebra, let us consider the Chevalley-Eilenberg complex 
C* [dA; A] where the graded commutative ring ^ is a regarded as a ?)^-module. It is the 
complex 

^ ^ ^ C^[OA; A] ^ • • • C'iXfA; A] ■ ■ ■ (6.2.6) 
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where 

k 

are 5^-modules of /C-linear graded morphisms of the graded exterior products A DA of 

k 

the /C-module DA to A. Let us bring homogeneous elements of A DA into the form 

El A • • ■ Er A er+i A • • • A 6^, G DAo, €j e DAi- 

Then the even coboundary operator d of the complex (6.2.6) is given by the expression 
cic(£i A---A£^Aei A---AeJ = (6.2.7) 

r 

^(-l)^"^£ic(£i A • • • £j • • • A £^ A ei A • • • e^) + 

i=l 
s 

Y^(-iySic(£i A ■ ■ ■ A Sr A 61 A ■ ■ -ej ■ ■ ■ A Ss) + 
^ (_l)«+ic([£j, £j] A £i A • • • £i • • • • • • A £r A ei A • • • A + 

l<i<j<r 

c{[ei, ej] Aei A - ■ ■ ASr Aei A - ■ - ei - ■ -ej ■ ■ ■ Aes) + 

l<i<j<s 

(-l)'^''^^c([£j, e^] A £i A • • • £i • • • A £^ A ei A • • • • • • A e^), 

l<i<r,l<j<s 

where the caret ^ denotes omission. This operator is called the graded Chevalley-Eilenberg 
coboundary operator. 

Let us consider the extended Chevalley-Eilenberg complex 

^C*[DA;A]. 

This complex contains a subcomplex 0*[c)^] of ^-linear graded morphisms. The N-graded 
module C*[c)v4] is provided with the structure of a bigraded ^-algebra with respect to the 
graded exterior product 

A 0'(mi,. ..,«,+,) = (6.2.8) 

ii<—<ir;ji<—<js 

(l)eO'[DA], (l)'eO'[DA], Uk^DA, 
where ui, . . . , ti^+s are graded-homogeneous elements of DA and 
1*1 A • • • A Ur+s = Sgn\\::^\l''''^"Ui^ A ■ ■ ■ AUi^ AUjj^ A ■ ■ ■ A Uj^. 



6.2. GRASSMANN-GRADED DIFFERENTIAL CALCULUS 



89 



The graded Chevalley-Eilenberg coboundary operator d (6.2.7) and the graded exterior 
product A (6.2.8) bring 0*[c)^] into a differential bigraded algebra (henceforth DBGA) 
whose elements obey the relations 

</. A 0' = (-1)I^II^'I+M[^']0' A 0, (6.2.9) 
d{(j) A (/)') = ci0 A 0' + (-1)'^'0 A d(l)'. (6.2.10) 

It is called the graded Chevalley-Eilenberg differential calculus over a graded commutative 
/C-ring A. In particular, we have 

0^[X)A] = Hom^(M,^) = X)A*. (6.2.11) 

One can extend this duality relation to the graded interior product of w e dA with any 
element 4> e O* [dA] by the rules 

u\ ihda) = (-l)M[^]M(a), a,beA, 

u\{(j)A(j)') = (mJ0) A0' + (-l)l^l+['^l["l0A (mJ0')- (6.2.12) 

As a consequence, any graded derivation u e VA of A yields a derivation 

L„0 = iijd0 + d(wj0), (peO*, ueDA, (6.2.13) 
Kief) A 0') = LM A 0' + (-l)!"!!-^!,/. A L,(0'), 

called the graded Lie derivative of the DBGA C*[i)^]. 

The minimal graded Chevalley-Eilenberg differential calculus 0*A C 0*[c)^] over a 
graded commutative ring A consists of the monomials 

ttodai A • • • A dak, cii £ A. 

The corresponding complex 

— >A ^O^A ^■■■O'^A (6.2.14) 

is called the bigraded de Rham complex of A. 

Following the construction of a connection in commutative geometry (see Section 8.2), 

one comes to the notion of a connection on modules over a real graded commutative ring 
A. The following are the straightforward counterparts of Definitions 8.2.3 and 8.2.4. 

Definition 6.2.1. A connection on a graded ^-module P is a graded ^-module 
morphism 

M 9 -u ^ V„ e Diff i(P, P) (6.2.15) 

such that the first order differential operators obey the Grassmann-graded Leibniz 
rule 

Vu{ap) = u{a)p + (-l)MMaV„(p), a e A, p e P. (6.2.16) 



90 



CHAPTER 6. GEOMETRY OF GRADED MANIFOLDS 



□ 

Definition 6.2.2. Let P in Definition 6.2.1 be a graded commutative ^-ring and dP 
the derivation module of P as a graded commutative A^-ring. A connection on a graded 
commutative .A-ring P is a graded ^-module morphism 

DA3u^Wu & <^P, (6.2.17) 

which is a connection on P as an ^-module, i.e., it obeys the graded Leibniz rule (6.2.16). 
□ 



6.3 Graded manifolds 

A graded manifold of dimension {n, m) is defined as a local-ringed space (Z, 21) where Z is 
an n-dimensional smooth manifold Z and 21 = 2lo © 2li is a sheaf of graded commutative 
algebras of rank m such that: 

• there is the exact sequence of sheaves 

0^7^^2l^C|=^0, 7e = 2li + (2li)^ (6.3.1) 

where C|P is the sheaf of smooth real functions on Z; 

• IZ/TZ^ is a locally free sheaf of Cf^-modules of finite rank (with respect to pointwise 
operations), and the sheaf 21 is locally isomorphic to the exterior product /XcfiT^/Ti?)- 

The sheaf 21 is called a structure sheaf of a graded manifold {Z, 21) , and a manifold Z 
is said to be the body of (Z, 21). Sections of the sheaf 21 are called graded functions on 
a graded manifold (Z, 21). They make up a graded commutative C°°(Z)-ring 2t(Z) called 
the structure ring of (Z, 21). 

A graded manifold {Z, 21) possesses the following local structure. Given a point z & Z, 
there exists its open neighborhood U, called a splitting domain, such that 

2l(C/) = C^{U) ® AW^. (6.3.2) 

This means that the restriction of the structure sheaf 21 to [/ is isomorphic to the 
sheaf CgP (g) AW^ of sections of some exterior bundle 

AE^ = U X AM™ ^ U. 

The well-known Batchelor theorem states that such a structure of a graded manifold 
is global as follows. 

Theorem 6.3.1. Let (Z, 21) be a graded manifold. There exists a vector bundle 
E ^ Z with an m-dimensional typical fibre V such that the structure sheaf 21 of {Z, 21) 
is isomorphic to the structure sheaf 21^ = S^e* of germs of sections of the exterior bundle 
AE* (1.2.2), whose typical fibre is the Grassmann algebra AV*. □ 
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Note that Batchelor's isomorphism in Theorem 6.3.1 fails to be canonicaL In field 
models, it however is fixed from the beginning. Therefore, we restrict our consideration 
to graded manifolds {Z, 21^) whose structure sheaf is the sheaf of germs of sections of 
some exterior bundle AE*. We agree to call {Z,QIe) a simple graded manifold modelled 
over a vector bundle E ^ Z, called its characteristic vector bundle. Accordingly, the 
structure ring Ae of a simple graded manifold {Z, 21b) is the structure module 



of sections of the exterior bundle AE*. Automorphisms of a simple graded manifold 
{Z, 21e) are restricted to those induced by automorphisms of its characteristic vector 
bundles E ^ Z (see Remark 6.3.2). 

Combining Batchelor Theorem 6.3.1 and classical Serre-Swan Theorem 8.6.3, we come 
to the following Scrre-Swan theorem for graded manifolds. 

Theorem 6.3.2. Let Z he a smooth manifold. A graded commutative C°°{Z)- 
algebra A is isomorphic to the structure ring of a graded manifold with a body Z iff it is 
the exterior algebra of some projective C°°(Z)-module of finite rank. □ 

Given a graded manifold {Z,^e), every trivialization chart {U;z^,y"') of the vector 
bundle E ^ Z yields a splitting domain {U ; z^, c") of {Z, St^;). Graded functions on such 
a chart are A-valued functions 



where /ai - afc(^) are smooth functions on U and {c"} is the fibre basis for E*. In particular, 
the sheaf epimorphism a in (6.3.1) is induced by the body map of A. One calls {z^yC""} 
the local basis for the graded manifold {Z,^e)- Transition functions y'"- = pl{z'^)y^ of 
bundle coordinates on E ^ Z induce the corresponding transformation 



of the associated local basis for the graded manifold (Z, %e) and the according coordinate 
transformation law of graded functions (6.3.4). 

Remark 6.3.1. Strictly speaking, elements of the local basis for a graded manifold 
are locally constant sections c"" oi E* ^ X such that yb ° c"" = 6^. Therefore, graded 
functions are locally represented by A-valued functions (6.3.4), but they are not A-valued 
functions on a manifold Z because of the transformation law (6.3.5). • 

RemEirk 6.3.2. In general, automorphisms of a graded manifold read 



Ae = '^e{Z) = AE*{Z) 



(6.3.3) 




(6.3.4) 



(6.3.5) 



c 



Ja 



(6.3.6) 



Considering a simple graded manifold (Z, 21e), we restrict the class of graded manifold 
transformations (6.3.6) to the linear ones (6.3.5), compatible with given Batchelor's iso- 
morphism. • 
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Let E ^ Z and E' ^ Z he vector bundles and ^ : E E' their bundle morphism 
over a morphism (p : Z ^ Z' . Then every section s* of the dual bundle E'* Z' defines 
the pull-back section of the dual bundle E* ^ Z hy the law 

v,\^*s*{z) = ^v,)\s*{ip{z)), V, e E,. 

It follows that the bundle morphism {^,(f) yields a morphism of simple graded manifolds 

^■.{Z,QIe)^{Z',QIe') (6.3.7) 

as local-ringed spaces. This is a pair {ip, ip^ o $*) of a morphism of body manifolds and 
the composition o $* of the pull-back 

Ae'^ j ^ *V e Ae 

of graded functions and the direct image Lp^, of the sheaf %e onto Z' . Relative to local 

bases {z^,&) and (2;'^,c'") for (Z, 21e) and (Z',2l£;'), the morphism (6.3.7) of graded 
manifolds reads 

$(z) = (^(z), $(c'") = $?(^)c^ 

Given a graded manifold (Z, 21), by the siieaf 501 of graded derivations of 21 is meant 
a subsheaf of endomorphisms of the structure sheaf 21 such that any section u G c)2t(f/) 
of 021 over an open subset U C Z is a graded derivation of the real graded commutative 
algebra 2t(t/), i.e., u e 0(21(^7)). Conversely, one can show that, given open sets U' C U, 
there is a surjection of the graded derivation modules 

c)(2l(t/)) ^ c)(2l(t/')). 

It follows that any graded derivation of the local graded algebra 2l([/) also is a local 
section over U of the sheaf c)2l. Global sections of 021 are called graded vector fields on 
the graded manifold (Z, 21). They make up the graded derivation module c)2l(Z) of the 
real graded commutative ring 2l(Z). This module is a real Lie superalgebra with the 
superbracket (6.2.4). 

A key point is that graded vector fields u G ^Ae on a simple graded manifold {Z, 21e) 
can be represented by sections of some vector bundle as follows. Due to the canonical 
splitting VE = E x E, the vertical tangent bundle VE of E ^ Z can be provided with 
the fibre bases {(9/ (9c"}, which are the duals of the bases {c"}. Then graded vector fields 
on a splitting domain {U;z'^,c°') of {Z,%e) read 

d 

u^u^dA + u"—, (6.3.8) 
where m^, are local graded functions on U . In particular. 
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Graded derivations (6.3.8) act on graded functions / (6.3.4) by the rule 

u{fa...bC'' • • • C") = U^dA{fa...by ' ' ' c' + fa...b^\ (c» • • • c'). 

This rule implies the corresponding coordinate transformation law 



(6.3.9) 



u 



lA 



U 



of graded vector fields. It follows that graded vector fields (6.3.8) can be represented by 
sections of the following vector bundle Ve — ^ Z. This vector bundle is locally isomorphic 
to the vector bundle 



Ve\u^ ^E*(g){E®TZ)\u, 
z z 

and is characterized by an atlas of bundle coordinates 

i^^,zt..a,,<r...bj, k^O,...,m, 
possessing the transition functions 



(6.3.10) 



■^11. ..Ik 



ik ^ai...afc ' 



V 



31— 3k 



-16l 



-Ibk 
3k 



p]<...bk + 



k\ 



{k-l)\ 



which fulfil the cocycle condition (1.1.4). Thus, the graded derivation module 'QAe is 
isomorphic to the structure module Ve{Z) of global sections of the vector bundle Ve — Z. 
There is the exact sequence 



0^ AE*^E ^Ve ^ /\E*^ TZ 
z z 

of vector bundles over Z. Its splitting 

d \ 







^-.Z^'dA^z'^idA + TA 



d(f- 



(6.3.11) 



(6.3.12) 



transforms every vector field t on Z into the graded vector field 
T^r^dA^V.^r^ (dA + TA^), 



(6.3.13) 



which is a graded derivation of the real graded commutative ring Ae (6.3.3) satisfying 
the Leibniz rule 



Vr{sf)^{T\ds)f + sVr{f), f & Ae, seC°°{Z). 
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It follows that the splitting (6.3.12) of the exact sequence (6.3.11) yields a connection on 
the graded commutative C°°(Z)-ring Ae in accordance with Definition 6.2.2. It is called 
a graded connection on the simple graded manifold {Z, Slg). In particular, this connection 
provides the corresponding horizontal splitting 

^ = ^^^^ + = (^^ + ^^^) + - ^^T^^)^ 

of graded vector fields. In accordance with Theorem 1.2.2, a graded connection (6.3.12) 
always exists. 

Remark 6.3.3. By virtue of the isomorphism (6.3.2), any connection 7 on a graded 
manifold (^,21), restricted to a splitting domain [/, takes the form (6.3.12). Given two 
splitting domains U and U' of {Z, 21) with the transition functions (6.3.6), the connection 
components 7^ obey the transformation law 

7a = Ta^P'^ + (6.3.14) 

If U and U' are the trivialization charts of the same vector bundle E in Theorem 6.3.1 
together with the transition functions (6.3.5), the transformation law (6.3.14) takes the 
form 

lA = Pti^n^A + dAPt{z)c\ (6.3.15) 



RemEirk 6.3.4. Every linear connection 

J^dz^®(dA + jA\y%) 

on a vector bundle E ^ Z yields the graded connection 

75 = dz^ ^Oa + 1a\c'>^ (6.3.16) 

on the simple graded manifold (Z, Slg) modelled over E. In view of Remark 6.3.3, 75 
also is a graded connection on the graded manifold (Z, 21) = (Z, %e)i but its linear form 
(6.3.16) is not maintained under the transformation law (6.3.14). • 



6.4 Graded differential forms 

Given the structure ring Ae of graded functions on a simple graded manifold (Z, 21^) 
and the real Lie superalgebra 'OAe of its graded derivations, let us consider the graded 
Chevalley-Eilenberg differential calculus 



S*[E;Z]^0*[DAe] 



(6.4.1) 
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over Ae- Since the graded derivation module DAe is isomorphic to the structure module 
of sections of the vector bundle Ve — ^ Z, elements of S*[E; Z] are sections of the exterior 
bundle AVe of the ^^-dual Ve Z oi Ve- The bundle Ve is locally isomorphic to the 
vector bundle 

Ve\u^{E*®T*Z)\u. (6.4.2) 

With respect to the dual fibre bases {dz^^ for T*Z and {d&^ for E* ^ sections of Ve take 
the coordinate form 

together with transition functions 

The duality isomorphism S\E\ Z] — VA*e (6.2.11) is given by the graded interior product 

u\(j) = u'^(j)A + {-l)^"^v^(j)a- (6.4.3) 

Elements of S*[E; Z] are called graded exterior forms on the graded manifold {Z, Slg). 

Seen as an ^£;-algebra, the DBGA S*[E;Z] (6.4.1) on a splitting domain {U]z^,c"-) 
is locally generated by the graded one- forms dz^, dd such that 

dz^ A dc' = -de' A dz^, dd A dd = dd A dc\ (6.4.4) 

Accordingly, the graded Chevalley-Eilenberg coboundary operator d (6.2.7), called the 
gradedlexterior differential, reads 

d 

dd) = dz^ A + dd" A —6, 

oc"- 

where the derivatives dx, d/dc"" act on coefficients of graded exterior forms by the formula 
(6.3.9), and they are graded commutative with the graded forms dz"^ and dc". The 
formulas (6.2.9) - (6.2.13) hold. 

Theorem 6.4.1. The DBGA S*[E] Z] (6.4.1) is a minimal differential calculus over 
Ae, i-e., it is generated by elements df , f G Ae- n 

The bigraded de Rham complex (6.2.14) of the minimal graded Chevalley-Eilenberg 
differential calculus S* [E; Z] reads 

O^M^^E -^S^[E;Z] -^■■■S''[E;Z] ■ ■ ■ . (6.4.5) 



Its cohomology H*{Ae) is called the de Rliam coliomology of a simple graded manifold 
{ZM- 
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In particular, given the DGA 0*{Z) of exterior forms on Z, there exist the canonical 
monomorphism 



and the body epimorphism S*[E;Z] — > 0*{Z) which are cochain morphisms of the de 
Rham complexes (6.4.5) and (8.6.5). 

Theorem 6.4.2. The de Rham cohomology of a simple graded manifold (Z, 21^) 
equals the de Rham cohomology of its body Z. □ 

Corollary 6.4.3. Any closed graded exterior form is decomposed into a sum = 
a + where cr is a closed exterior form on Z. □ 



0*{Z) S*[E; Z] 



(6.4.6) 



Chapter 7 
Lagrangian theory 



Lagrangian theory on fibre bundles is algebraically formulated in terms of the variational 
bicomplex without appealing to the calculus of variations. This formulation is extended 
to Lagrangian theory on graded manifolds. 



7.1 Variational bicomplex 

Let Y ^ X he a fibre bundle. The DGA (2.4.6), decomposed into the variational 
bicomplex, describes finite order Lagrangian theories onY^X. One also considers the 
variational bicomplex of the DGA Q*^ (2.4.8) and different variants of the variational 
sequence of finite jet order. 

In order to transform the bicomplex O^* into the variational one, let us consider the 
following two operators acting on O^^. 

(i) There exists an M-module endomorphism 

^=T.h°h,oh^: 0*>''- ^ 0:,>°'", (7.1.1) 

m = E (-1)'^'^^ A MA(af J0)], e o>°'", 

0<|A| 

possessing the following properties. 

Lemma 7.1.1. For any e O^'"', the form — ^(0) is locally df^-exact on each 
coordinate chart (2.4.3). □ 

Lemma 7.1.2. The operator g obeys the relation 

{Qodnm^O, VeO>°'"-'- (7.1.2) 

□ 

It follows from Lemmas 7.1.1 and 7.1.2 that g (7.1.1) is a projector. 
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(ii) One defines the variational operator 

5 = Qod:0*^^0*^''\ (7.1.3) 

which is nilpotent, i.e., 5 o 5 = 0, and obeys the relation 5 o q = 5. 

Let us denote = q{0^). Provided with the operators dn-i dy, Q and 5, the DGA 
is decomposed into the variational bicomplex 



d 



I dv\ dv\ -5\ 



oo oo oo J- 



0- 



dy^ dy^ dy^ —5^ 

//^O /no,! ^ . . . /nO,n — /nO,n C^-l-^) 



oo 



t t t 



t t t 



It possesses the following cohomology. 

Theorem 7.1.3. The second row from the bottom and the last column of the varia- 
tional bicomplex (7.1.4) make up the variational complex 



O^M^O^ if^O",!... l^o^^ ^E2 - . (7.1.5) 

Its cohomology is isomorphic to the de Rham cohomology of a fibre bundle Y , namely, 
i/^<"(d^; 0*J = i/^r (F), H^^-{5-, 0*J = H^i^iY). (7.1.6) 

□ 

Theorem 7.1.4. The rows of contact forms of the variational bicomplex (7.1.4) are 
exact sequences. □ 

The cohomology isomorphism (7.1.6) gives something more. Due to the relations 
dn ° ho = ho o d and 6 o g = S, we have the cochain morphism of the de Rham complex 
(2.4.7) of the DGA (9^ to its variational complex (7.1.5). By virtue of Theorems 2.4.3 and 
7.1.3, the corresponding homomorphism of their cohomology groups is an isomorphism. 
Then the sphtting of a closed form e in Corollary 2.4.4 leads to the following 
decompositions. 

Theorem 7.1.5. Any d^-closed form e 0°'"*, m < n, is represented by a sum 
cf>^hoa + dH^, ieOZ-\ (7.1.7) 
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where cr is a closed m-form on Y. Any 5-closed form (f) e O'^''^ is split into 

(P = hoa + dH^, k^O, (7.1.8) 

= ^(a) + ^(O, ^ = 1, eeO^", (7.1.9) 

<P = g{a) + S{0, k>l, CeEk-i, (7.1.10) 



where cr is a closed (n + A;)-form on F. □ 

7.2 Lagrangian theory on fibre bundles 

In Lagrangian formalism on fibre bundles, a finite order Lagrangian and its Euler-Lagrange 
operator are defined as elements 



L = CujeO^\ (7.2.1) 

SL = Sl = S:fi' A G El, (7.2.2) 

£,= $:(-l)l^lciA(5f/:), (7.2.3) 

0<|A| 



of the variational complex (7.1.5) (see the notation (1.4.1)). Components £i (7.2.3) of the 
Euler-Lagrange operator (7.2.2) are called the variational derivatives. Elements of Ei are 
called the Euler-Lagrange-type operators. 

Hereafter, we call a pair (O^, L) the Lagrangian system. The following are corollaries 
of Theorem 7.1.5. 

Corollary 7.2.1. A finite order Lagrangian L (7.2.1) is variationally trivial, i.e., 
S{L) = iff 

L = hoa + dni, e e (7-2.4) 

where o" is a closed n-form onY. □ 

Corollary 7.2.2. A finite order Euler-Lagrange-type operator £ e Ei satisfies the 
Helmholtz condition 6{S) = iS 

S^5L + g{a), LeO'^^ 

where cr is a closed {n + l)-form on Y. □ 

A glance at the expression (7.2.2) shows that, if a Lagrangian L (7.2.1) is of r-order, 
its Euler-Lagrange operator Sl is of 2r-order. Its kernel is called the Euler-Lagrange 
equation. Euler-Lagrange equations traditionally came from the variational formula 

dL^5L- dff^L (7.2.5) 



of the calculus of variations. In formalism of the variational bicomplex, this formula is a 
corollary of Theorem 7.1.4. 
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Corollary 7.2.3. The exactness of the row of one-contact forms of the variational 
bicomplex (7.1.4) at the term relative to the projector g provides the M-module 
decomposition 

o^" = Eied,,(c»^"-i). 

In particular, any Lagrangian L admits the decomposition (7.2.5). □ 

Defined up to a djj-closed term, a form S^, e in the variational formula (7.2.5) 
reads 

^L+[(d^jC - d,Fr^)9' + E^''^^-"^^l...J Aa;A, (7.2.6) 

s=l 

p^k--^ = - d^Fr^-"' + ^''•••"S = 2, 3, . . . , 

where a'^''"'^^ are local functions such that 

The form El (7.2.6) possesses the following properties: 

• /io(Sl) = L, 

• ho{-t}\dEL) = 'd'-SiUJ for any derivation -& (2.4.12). 
Consequently, S^, is a Lepage equivalent of a Lagrangian L. 

A special interest is concerned with Lagrangian theories on an affine bundle Y ^ X. 
Since X is a strong deformation retract of an affine bundle F, the de Rham cohomology 
of Y equals that oi X. In this case, the cohomology (7.1.6) of the variational complex 
(7.1.5) equals the de Rham cohomology of X, namely, 

H<-{dH.Oi:)=H<l{X), 

H-{6;0*J = H^^{X), (7.2.7) 
i/>"(5; 0*J = 0. 

It follows that every d^f-closed form e (9^'"<" is represented by the sum 

d^^a + dn^, ieO^^^-\ (7.2.8) 

where cr is a closed m-form on X. Similarly, any variationally trivial Lagrangian takes 
the form 

L = a + dHi, i^O'^-\ (7.2.9) 

where a is an n-form on X. 

In view of the cohomology isomorphism (7.2.7), if F — > X is an affine bundle, let us 
restrict our consideration to the short variational complex 

^ R ^ 0^ ^ • • • ^ O^'* ^ El, (7.2.10) 
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whose non-trivial cohomology equals that of the variational complex (7.1.5). Let us 
consider a DGA C Ot^ of exterior forms whose coefficients are polynomials in jet 
coordinates y\, < |A|, of the continuous bundle J°°Y — > X. 

Theorem 7.2.4. The cohomology of the short variational complex 



O^R^V^ ^:pc^l . . . ^pc^n (7.2.11) 



of the polynomial algebra equals that of the complex (7.2.10), i.e., the de Rham 
cohomology of X. □ 

Given a Lagrangian system (C^,L), its inGnitesimal transformations are defined to 
be contact derivations of the ring O'^. 

A derivation e (2.4.12) is called contact if the Lie derivative L^; preserves the 
ideal of contact forms of the DGA C^, i.e., the Lie derivative L^; of a contact form is a 
contact form. 

Lemma 7.2.5. A derivation (2.4.12) is contact iff it takes the form 

^ = v^d^ + v% + Yl IMv' - yX) + ^;+A^1^f • (7-2.12) 

0<|A| 

□ 

The expression (2.2.8) enables one to regard a contact derivation (7.2.12) as an 
infinite order jet prolongation — J°°v of its restriction 



V 



v^dx + v'di (7.2.13) 



to the ring C°°(Y). Since coefficients and v"^ of v (7.2.13) depend generally on jet 
coordinates y\, < |A|, one calls v (7.2.13) a generalized vector field. It can be represented 
as a section of some pull-back bundle 

jry xTY ^ rY. 

Y 

A contact derivation ■& (7.2.12) is called projectable, if the generahzed vector field v 
(7.2.13) projects onto a vector field v^dx on X. 

Any contact derivation -d (7.2.12) admits the horizontal splitting 

^ = + = v^dx + Kdi + Yl dAvi,d^], (7.2.14) 

0<|A| 

v^vjj + vy^ v^dx + {v' - yX)di, (7.2.15) 



relative to the canonical connection V (2.4.14) on the C°°(X)-ring 0[ 
Lemma 7.2.6. Any vertical contact derivation 





oo" 



= v'di + Y dKv'df (7.2.16) 

0<|A| 
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obeys the relations 



^\dH(l^=-dH{^\<P), 



(7.2.17) 
(7.2.18) 



□ 



The global decomposition (7.2.5) leads to the following first variational formula (The- 
orem 7.2.7) and the first Noether theorem (Theorem 7.2.9). 

Theorem 7.2.7. Given a Lagrangian L E its Lie derivative h^L along a contact 
derivation v (7.2.14) fulfils the Erst variational formula 



where is the Lepage equivalent (7.2.6) of L. □ 

A contact derivation i? (7.2.12) is called a variational symmetry of a Lagrangian L if 
the Lie derivative L^L is dn-exact, i.e., 



Lemma 7.2.8. A glance at the expression (7.2.19) shows the following. 

(i) A contact derivation -i? is a variational symmetry only if it is projectable. 

(ii) Any projectable contact derivation is a variational symmetry of a variationally 
trivial Lagrangian. It follows that, if is a variational symmetry of a Lagrangian L, it 
also is a variational symmetry of a Lagrangian L + Lq, where Lq is a variationally trivial 
Lagrangian. 

(iii) A projectable contact derivations is a variational symmetry iff its vertical part 
vv (7.2.14) is weU. 

(iv) A projectable contact derivations ■»? is a variational symmetry iff the density vv\SL 
is o?i7-exact. □ 

It is readily observed that variational symmetries of a Lagrangian L constitute a real 
vector subspace Ql of the derivation module OO^. By virtue of item (ii) of Lemma 7.2.8, 
the Lie bracket 

of variational symmetries is a variational symmetry and, therefore, their vector space 
is a real Lie algebra. The following is the first Nocthcr theorem. 

Theorem 7.2.9. If a contact derivation f} (7.2.12) is a variational symmetry (7.2.20) 
of a Lagrangian L, the first variational formula (7.2.19) restricted to the kernel of the 
Euler-Lagrange operator KerS^ leads to the weak conservation law 



L^L = vv\SL + dH{ho{'d\EL)) + jCdv{vH\uj), 



(7.2.19) 



L^L = dnO'. 



(7.2.20) 



^ dnihoi^lEL) - a) 



(7.2.21) 



on tlie shell 5L^0. □ 
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A variational symmetry i? of a Lagrangian L is called its exact symmetry or, simply, 
a symmetry if 

L^L = 0. (7.2.22) 

Symmetries of a Lagrangian L constitute a real vector space, which is a real Lie algebra. 
Its vertical symmetries v (7.2.16) obey the relation 

LiyL — v\dL 

and, therefore, make up a O^-module which is a Lie C°°(X)-algebra. 

If "3 is an exact symmetry of a Lagrangian L, the weak conservation law (7.2.21) takes 
the form 

^ dH{ho{^\^L)) = -dnJv: (7.2.23) 

where 

Jv = J>M = -hoimL) (7.2.24) 

is called the symmetry current. Of course, the symmetry current (7.2.24) is defined with 
the accuracy of a djj-closed term. 

Let ■»? be an exact symmetry of a Lagrangian L. Whenever Lq is a variationally trivial 
Lagrangian, -i? is a variational symmetry of the Lagrangian L + Lq such that the weak 
conservation law (7.2.21) for this Lagrangian is reduced to the weak conservation law 
(7.2.23) for a Lagrangian L as follows: 

L^(L + Lo) = dncr fa dHcr - duJv 

Remcirk 7.2.1. In accordance with the standard terminology, variational and exact 
symmetries generated by generalized vector fields (7.2.13) are called generalized symme- 
tries because they depend on derivatives of variables. Accordingly, by variational symme- 
tries and symmetries one means only those generated by vector fields u on Y. We agree 
to call them classical symmetries. • 

Let ■»? be a classical variational symmetry of a Lagrangian L, i.e., -& (7.2.12) is the jet 
prolongation of a vector field u onY. Then the relation 

L^£l = S(L^L) (7.2.25) 

holds. It follows that also is a symmetry of the Euler-Lagrange operator £l of L, 
i.e., Li^Sl = 0. However, the equality (7.2.25) fails to be true in the case of generalized 
symmetries. 

Definition 7.2.10. Let E ^ X he & vector bundle and E{X) the C°°(X) module 
E{X) of sections oi E ^ X. Let C be a linear differential operator on E{X) taking values 
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into the vector space Ql oi variational symmetries of a Lagrangian L (see Definition 8.2.1). 
Elements 

= m (7.2.26) 

of Im ( are called the gauge symmetry of a Lagrangian L parameterized by sections ^ of 
E ^ X. They are called the gauge parameters. □ 

Remctrk 7.2.2. The differential operator C, in Definition 7.2.10 takes its values into 
the vector space Ql as a subspace of the C°°(X)-module but it sends the C°°(X)- 

module E{X) into the real vector space Ql C ^O'^. The differential operator ( is assumed 
to be at least of first order. • 

Equivalently, the gauge symmetry (7.2.26) is given by a section ( of the fibre bundle 

(rr X j'^E) xTY ^ rv x j'^e 

Y Y Y 

(see Definition 2.3.2) such that 

for any section ^ of £^ — > X. Hence, it is a generalized vector field on the product 
Y X E represented by a section of the pull-back bundle 

J'=(y xE)x TCY xE)^ J''(Y xE), max(r, m), 

X Y X X 

which lives in TY C T{Y x E). This generalized vector field yields a contact derivation 
J°°U(^ (7.2.12) of the real ring x E] which obeys the following condition. 

Condition 7.2.11. Given a Lagrangian 

L e C>^"£; C O^^^'IY X E], 

let us consider its Lie derivative 

Ljoo„^L = J°°MjrfL + d(J°^MjL) (7.2.27) 

where d is the exterior differential of ^ Then, for any section ^ oi E ^ X, the 

pull-back ^*L^ is rfji^-exact. □ 

It follows from the first variational formula (7.2.19) for the Lie derivative (7.2.27) that 
Condition 7.2.11 holds only if projects onto a generalized vector field on E and, in 
this case, iff the density {ui;)v\S is o?i/-exact. Thus, we come to the following equivalent 
definition of gauge symmetries. 

Definition 7.2.12. Let E ^ X he a vector bundle. A gauge symmetry of a Lagran- 
gian L parameterized by sections ^ oi E ^ X is defined as a contact derivation = J°°m 
of the real ring 0^[Y x E] such that: 

(i) it vanishes on the subring O'^E, 
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(ii) the generalized vector field u is linear in coordinates Xa J°°E, and it projects 
onto a generalized vector field on E, i.e., it takes the form 

Y: «a^^")XA ) 5a + ( E <V,Z/I:)X1)9,, (7.2.28) 

*^0<|A|<m / \0<|A|<m / 

(iii) the vertical part of u (7.2.28) obeys the equality 



uv\S = dna. (7.2.29) 

□ 

For the sake of convenience, we also call a generalized vector field (7.2.28) the gauge 
symmetry. By virtue of item (iii) of Definition 7.2.12, u (7.2.28) is a gauge symmetry iff 
its vertical part is so. 

Gauge symmetries possess the following particular properties. 

(i) Let E' ^ X he a, vector bundle and (' a hnear £'(X)-valued differential operator 
on the C°°(X)-module E'{X) of sections of E' X. Then 

«c'«') = (CoC')(0 

also is a gauge symmetry of L parameterized by sections ^' of £" — > X. It factorizes 
through the gauge symmetries (7.2.26). 

(ii) If a gauge symmetry is an exact Lagrangian symmetry, the corresponding conserved 
symmetry current J'u (7.2.24) is reduced to a superpotential (see Theorem 7.5.4). 

(iii) The direct second Noethcr theorem associates to a gauge symmetry of a Lagran- 
gian L the Noether identities of its Euler-Lagrange operator 5L. 

Theorem 7.2.13. Let u (7.2.28) be a gauge symmetry of a Lagrangian L, then its 
Euler-Lagrange operator SL obeys the Noether identities 

0<|A| 

E vK - y\<tdAEi = 

0<|A| 

(see Notation 7.5.2). □ 

It follows from direct second Noether Theorem 7.2.13 that gauge symmetries of La- 
grangian field theory characterize its degeneracy. A problem is that any Lagrangian 
possesses gauge symmetries and, therefore, one must separate them into the trivial and 
non-trivial ones. Moreover, gauge symmetries can be reducible, i.e., Kei^ 7^ 0. To solve 
these problems, we follow a different definition of gauge symmetries as those associated 
to non-trivial Noether identities by means of inverse second Noether Theorem 7.5.3. 



(7.2.30) 
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7.3 Grassmann-graded Lagrangian theory 

We start with the following definition of jets of odd variables. Let us consider a vector 
bundle F — > X and the simple graded manifolds {X^Ajrp) modelled over the vector 
bundles J^F X. There is the direct system of the corresponding DBGA 

S*[F;X] — >S*[J^F;X] — ^ ■ ■ ■S*[rF;X] — 

of graded exterior forms on graded manifolds {XjAjrp). Its direct limit S^[F]X] is the 
Grassmann-graded counterpart of the DGA V^. 

In order to describe Lagrangian theories both of even and odd variables, let us consider 
a composite bundle 

F^Y^X (7.3.1) 

where F ^ y is a vector bundle provided with bundle coordinates {x^.t/.q"'). We call 
the simple graded manifold (Y, 21^?) modelled over F ^ Y the composite graded manifold. 
Let us associate to this graded manifold the following DBGA 5^[F;y]. 

It is readily observed that the jet manifold J'^F of F ^ X is a vector bundle J^F — > 
J^Y coordinated by {x^,y\,q'}J, < |A| < r. Let (J'"!^, 21^) be a simple graded manifold 
modelled over this vector bundle. Its local basis is (x'^, c^), < |A| < r. Let 

«s;[F; Y] = s;[rF; rY] (7.3.2) 

denote the DBGA of graded exterior forms on the simple graded manifold (J^'F, 21^)- In 
particular, there is a cochain monomorphism 

O* = 0*{rY) S;[F- Y]. (7.3.3) 

The surjection 

: r+^Y rY 

yields an epimorphism of graded manifolds 

«+\^;+i) : (J^+^F,2l,+i) ^ (J^F,2l,), 
including the sheaf monomorphism 



where 7r^+^*2lr is the pull-back onto J^^^Y of the continuous fibre bundle 21^ — > J^Y. This 
sheaf monomorphism induces the monomorphism of the canonical presheaves 21^ — > 21^+1, 
which associates to each open subset U C J^+^F the ring of sections of over 7r^+-^(C/). 
Accordingly, there is a monomorphism of the structure rings 

<+^* : 5°[F; Y] ^ S',^,[F; Y] (7.3.4) 
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of graded functions on graded manifolds (J^'F, 21^) and ( J''+^F, Sl^+i). By virtue of 
Lemma 6.4.1, the differential calculus iS*[-F;y] and S*_^_^[F;Y] are minimal. Therefore, 
the monomorphism (7.3.4) yields that of the DBGA 

<+^* : S:[F; Y] ^ 5;+jF; Y]. (7.3.5) 

As a consequence, we have the direct system of DBGAs 

S* [F;Y] ^Sl[F;Y] ^ • • • S;_, [F; Y] "-^ S; [F;Y] ^ • • • . (7.3.6) 

The DBGA »S^[F;y] that we associate to the composite graded manifold (Y,2li?) is 
defined as the direct limit 

S*JF-Y]= \imS:[F;Y] (7.3.7) 

of the direct system (7.3.6). It consists of all graded exterior forms G S*[Fr; J^Y] on 
graded manifolds (J^'F, 21^.) modulo the monomorphisms (7.3.5). Its elements obey the 
relations (6.2.9) - (6.2.10). 

The cochain monomorphisms O* — > S*[F;Y] (7.3.3) provide a monomorphism of the 
direct system (2.4.5) to the direct system (7.3.6) and, consequently, the monomorphism 

Ol^S*jF;Y] (7.3.8) 

of their direct limits. In particular, is an O^-aAgehia. Accordingly, the body 

epimorphisms S* [F; Y] — > O* yield the epimorphism of O^-algebras 

S*JF;Y] ^ O*^. (7.3.9) 

It is readily observed that the morphisms (7.3.8) and (7.3.9) are cochain morphisms 
between the de Rham complex (2.4.7) of the DGA (9^ (2.4.6) and the de Rham complex 

O^R ^S'JF;Y] JUsI[F;Y]--- ^S'JF;Y] (7.3.10) 

of the DBGA 5^[-F;y]. Moreover, the corresponding homomorphisms of cohomology 
groups of these complexes are isomorphisms as follows. 
Theorem 7.3.1. There is an isomorphism 

H*{S*JF;Y]) ^ H*^j,{Y) (7.3.11) 

of the cohomology H*{S^[F; Y]) of the de Rham complex (7.3.10) to the de Rham coho- 
mology Hf)^{Y) of Y. □ 

Corollary 7.3.2. Any closed graded form </> G S^[F;Y] is decomposed into the 
sum (p = a + where cr is a closed exterior form on Y. □ 

Similarly to the DGA (2.4.6), one can think of elements of S^[F;Y] as being 
graded differential forms on the infinite order jet manifold J°°Y. We can restrict S^[F; Y] 
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to the coordinate chart (2.4.3) of J°°Y and say that «S^[-F; Y] as an O^-algebra is locally 
generated by the elements 

{cl, dx\ 91 = del - cl+Adx\ ei = dyi - yU^dx^), < |A|, 

where c%, 9\ are odd and dx^, 9\ are even. We agree to call (y*, c") the local generating 
basis for S^[F; Y]. Let the collective symbol s"^ stand for its elements. Accordingly, the 
notation and 

is introduced. For the sake of simphcity, we further denote [A] = [s^] . 

The DBGA S^[F;Y] is split into y]-modules S^''[F;Y] of k-contact and r- 

horizontal graded forms together with the corresponding projections 

hk : Sl[F; Y] ^ Y], : Y] ^ 5^-[F; Y]. 

Accordingly, the graded exterior differential d on iS^[-F; Y] falls into the sum d — dy + dn 
of the vertical graded differential 

dyoK^ odohJ^^ dv{(l))^eiAdi(j), 4> e S*^[F;Y], 

and the total graded differential 

dH o hk = hko do hk, dHoho = hood, dH{4>) ^ dx^ h dx{4>), 

where 

0<|A| 

are the graded total derivatives. These differentials obey the nilpotent relations (2.4.11). 

Similarly to the DGA O^, the DBGA >S^[-F; Y] is provided with the graded projection 
endomorphism 

m= E(-i)'^'^^A[(iA(a^j0)], 0ecS>°''^[F;r], 

0<|A| 

such that g o dn = 0, and with the nilpotent graded variational operator 

6 = go dS*^^[F; Y] ^ Y]. (7.3.12) 

With these operators the DBGA is decomposed into the Grassmann- graded 

variational bicomplex. We restrict our consideration to its short variational subcomplex 

0^]R^5^[F;y] ^5^^[F;y]-- - ^ (7.3.13) 
5^-[F;y] ^Ei, El = g(Sl^-[F;Y]), 
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and the subcomplex of one-contact graded forms 

O^Slf[F;Y] ^Sl^'[F;Y]--- ^S'j'[F;Y] ^E^^0. (7.3.14) 

Theorem 7.3.3. Cohomology of the complex (7.3.13) equals the de Rham cohomol- 
ogy HhniY) of Y. □ 

Theorem 7.3.4. The complex (7.3.14) is exact. □ 

Decomposed into the variational bicomplex, the DBGA <S^[F; Y] describes Grassmann- 
graded Lagrangian theory on the composite graded manifold {Y, 21f). Its graded Lagran- 
gian is defined as an element 

L ^ Cu e S'^-[F;Y] (7.3.15) 

of the graded variational complex (7.3.13), while the graded exterior form 

SL = e^ ASauj = ^(-1)1^^1^^ A(iA(a^L)cu e El (7.3.16) 

0<|A| 

is said to be its graded Euler-Lagrangc operator. We agree to call a pair {S^[F; Y], L) 
the Grassmann-graded Lagrangian system. 

The following is a corollary of Theorem 7.3.3. 

Theorem 7.3.5. Every dij-closed graded form e S^'^'^[F;Y] falls into the sum 

cl, = hoa + dH^, ^ e S'^^-'[F;Y], (7.3.17) 

where cr is a closed m-form on Y. Any 5-closed (i.e., variationally trivial) Grassmann- 
graded Lagrangian L G S^^[F; Y] is the sum 

L^hoa + dH^, C & S^^^-'[F;Y], (7.3.18) 

where cr is a closed n-form on y. □ 

Corollary 7.3.6. Any variationally trivial odd Lagrangian is dn-exact. □ 

The exactness of the complex (7.3.14) at the term S^[F; Y] results in the following. 

Theorem 7.3.7. Given a graded Lagrangian L, there is the decomposition 

dL = 6L-dH^L, E e S^-'[F;Y], (7.3.19) 
El^L+Y: Ot.., A Fi^-^^a;,, (7.3.20) 

s=0 

pi^,...u^ _ _ d^.F^"""-"' + aT"', A; = 1, 2, ... , 

where local graded functions a obey the relations 
a\ = 0, a^-^-i^-^)--^ ^ 0. 

□ 

The form S^, (7.3.20) provides a global Lepage equivalent of a graded Lagrangian L. 
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Given a Grassmann- graded Lagrangian system {S^[F; Y],L), by its infinitesinial trans- 
formations are meant contact graded derivations of the real graded commutative ring 
5^[F; ¥]. They constitute a S^[F; F]-module [F; Y] which is a real Lie superalgebra 
with the Lie superbracket (6.2.4). 

Theorem 7.3.8. The derivation module X)S^[F;Y] is isomorphic to the S^[F;Y]- 
dual (iS^f-F; Y])* of the module of graded one- forms Sl^[F; Y]. It follows that the DBGA 
S^[F; Y] is minimal differential calculus over the real graded commutative ring »S^[F; Y]. 
□ 

Let 1?]^, 1? e dS^[F;Y], (j) G denote the corresponding interior product. 

Extended to the DBGA <S^[F; y], it obeys the rule 

d\ (0 A a) = (^J0) A a + A (^Ja), 0, ^ G Y]. 

Restricted to a coordinate chart (2.4.3) of J'^Y , the algebra Y] is a free S'^JyF; Y]- 

module generated by one-forms dx^, 9^. Due to the isomorphism stated in Theorem 7.3.8, 
any graded derivation e t)<S^[F; Y] takes the local form 

^ = ^^dx + ^^dA + E (7.3.21) 

0<|A| 

di\dyi^5^J^. (7.3.22) 

Every graded derivation d (7.3.21) yields the graded Lie derivative 

L^(/. = i?Jrf0 + rf(^j0), 0g5^[F;F], 
U{(l> A (j) = L40) A a + (-1)['^][<A]0 A L^a), 

of the DBGA <S^[-F; Y]. A graded derivation ^9 (7.3.21) is called contact if the Lie deriva- 
tive preserves the ideal of contact graded forms. 

Lemma 7.3.9. With respect to the local generating basis (s^) for the DBGA S*^[F; F], 
any its contact graded derivation takes the form 

^ = y^^y^ = y^dx + [v^ 8 A + ^ (^^ ' S^'^)^^], (7-3.23) 

|A|>0 

where vh and vy denotes the horizontal and vertical parts of i?. □ 

A glance at the expression (7.3.23) shows that a contact graded derivation ■& is an 
infinite order jet prolongation of its restriction 

V = v^dx + v^Oa (7.3.24) 

to the graded commutative ring Y]. We call v (7.3.24) the generalized graded vector 
Geld. It is readily justified the following (see Lemma 7.2.16). 
Lemma 7.3.10. Any vertical contact graded derivation 

^ = v^dA + d^'"^d\ (7.3.25) 

|A|>0 
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satisfies the relations 



^\dH(p=-dH{^\(p), 



(7.3.26) 
(7.3.27) 



forall0G5^[F;r]. □ 

Then the forthcoming assertions are the straightforward generalizations of Theorem 
7.2.7, Lemma 7.2.8 and Theorem 7.2.9. 

A corollary of the decomposition (7.3.19) is the Grst variational formula for a graded 
Lagrangian. 

Theorem 7.3.11. The Lie derivative of a graded Lagrangian along any contact graded 
derivation (7.3.23) obeys the first variational formula 



where S/^ is the Lepage equivalent (7.3.20) of L. □ 

A contact graded derivation (7.3.23) is called a variational symmetry (strictly speak- 
ing, a variational supcrsymmctry) of a graded Lagrangian L if the Lie derivative L^L is 
dij-exact, i.e.. 



Lemma 7.3.12. A glance at the expression (7.3.28) shows the following. 

(i) A contact graded derivation i9 is a variational symmetry only if it is projected onto 



(ii) Any projectable contact graded derivation is a variational symmetry of a varia- 
tionally trivial graded Lagrangian. It follows that, if ■»? is a variational symmetry of a 
graded Lagrangian L, it also is a variational symmetry of a Lagrangian L + Lq, where Lq 
is a variationally trivial graded Lagrangian. 

(iii) A contact graded derivations ■»? is a variational symmetry iff its vertical part vy 
(7.3.23) is well. 

(iv) It is a variational symmetry iff the graded density vv\SL is d^f-exact. □ 
Variational symmetries of a graded Lagrangian L constitute a real vector subspace 

of the graded derivation module l)<S^[F;y]. By virtue of item (ii) of Lemma 7.3.12, the 
Lie superbracket 

of variational symmetries is a variational symmetry and, therefore, their vector space Ql 
is a real Lie superalgebra. 

A corollary of the first variational formula (7.3.28) is the Grst Noether theorem for 
graded Lagrangians. 



L^L = vv\SL + dH{ho{'d\EL)) + dv{vH\co)C, 



(7.3.28) 



(7.3.29) 



X. 
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Theorem 7.3.13. If a contact graded derivation 'd (7.3.23) is a variational symmetry 
(7.3.29) of a graded Lagrangian L, the first variational formula (7.3.28) restricted to 
Ker 6L leads to the weak conservation law 

0^dH{ho{^\^L)-'j)- (7.3.30) 

□ 

A vertical contact graded derivation i? (7.3.25) is said to be nilpotent if 

L4L^0)= Y: {vidB{vi)di+ (7.3.31) 

0<|S|,0<|A| 

for any horizontal graded form e S^*. 

Lemma 7.3.14. A vertical contact graded derivation (7.3.25) is nilpotent only if it is 
odd and iff the equality 

0<|E| 

holds for all v^. □ 

For the sake of brevity, the common symbol v further stands for a generahzed graded 
vector field v, the contact graded derivation ■(9 determined by v, and the Lie derivative 
L^. We agree to call all these operators, simply, a graded derivation of a Geld system 
algebra. 

Remcirk 7.3.1. For the sake of convenience, right derivations 

V =9 AV^ (7.3.32) 

also are considered. They act on graded functions and differential forms on the right 
by the rules 

v{(p) = d(l)[v +(i(0[?7), 

v{(j) A 0') = (-l)!"^'] ^(0) A 0' + A v{(l)'), 

One associates to any graded right derivation v (7.3.32) the left one 

= (-l)H[^l^;^aA, (7.3.33) 
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7.4 Noether identities 

The degeneracy of Lagrangian theory is characterized by a set of non-trivial reducible 
Noether identities. Any Euler-Lagrange operator satisfies Noether identities (henceforth 
NI) which therefore must be separated into the trivial and non-trivial ones. These NI 

can obey first-stage NI, which in turn are subject to the second-stage ones, and so on. 
Thus, there is a hierarchy of higher-stage NI which also arc separated into the trivial and 
non-trivial ones. If certain conditions hold, one can associate to a Grassmann-graded La- 
grangian system the exact Koszul-Tate complex possessing the boundary operator whose 
nilpotentness is equivalent to all non-trivial NI and higher-stage NI. The inverse second 
Noether theorem formulated in homology terms associates to this Koszul-Tate complex 
the cochain sequence of ghosts with the ascent operator, called the gauge operator, whose 
components are non-trivial gauge and higher-stage gauge symmetries of Lagrangian the- 
ory. 

Let {S^[F;Y], L) be a Grassmann-graded Lagrangian system. Without a lose of 

generality, let a Lagrangian L be even. Its Eulcr-Lagrangc operator SL (7.3.16) is assumed 
to be at least of order 1 in order to guarantee that transition functions of Y do not vanish 
on-shell. This Euler-Lagrange operator 6L e Ei takes its values into the graded vector 
bundle 

VF ^V*F®/\T*X ^ F, (7.4.1) 

F 

where V*F is the vertical cotangent bundle of F — > X. It however is not a vector bundle 
over Y. Therefore, we restrict our consideration to the case of a pull-back composite 
bundle F (7.3.1), that is, 

F = YxF^^Y^X, 

X 

where F^ ^ X is a, vector bundle. Let us introduce the following notation. 

Notation 7.4.1. Given the vertical tangent bundle VE of a fibre bundle E ^ X, 
by its density-dual bundle is meant the fibre bundle 

VE = V*E0AT*X. (7.4.3) 

E 

If £■ — > X is a vector bundle, we have 

VE = ExE, E = E* ®1\T*X, 

X X 

where E is called the density-dual of E. Let 

E^E°®E^ 

X 



(7.4.2) 



(7.4.4) 
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be a graded vector bundle over X. Its graded density-dual is defined to be 

e = e^®e\ 

X 

In these terms, we treat the composite bundle F (7.3.1) as a graded vector bundle over 
Y possessing only odd part. The density-dual VF (7.4.3) of the vertical tangent bundle 
VF oi F ^ X isVF (7.4.1). If F (7.3.1) is the pull-back bundle (7.4.2), then 

VF^((F^®V*Y)0AT*X)®F^ (7.4.5) 

is a graded vector bundle over Y. Given a graded vector bundle 
E^E^^E^ ^Y, 

Y 

we consider the composite bundle E ^ E° ^ X and the DBGA (7.3.7): 

V*JE;Y]=S^E;E\ (7.4.6) 

□ 



Let us consider the density-dual VF (7.4.5) of the vertical tangent bundle VF — >■ F, 
and let us enlarge the DBGA S^[F;Y] to the DBGA V;^[VF;Y] (7.4.6) with the local 
generating basis {s^,sa), [sa] — {[A] + l)mod2. Following the physical terminology, 
we agree to call its elements sa the antifields of antifield number Antfa^] = 1- The DBGA 
V^[VF;Y] is endowed with the nilpotent right graded derivation S =d ^Sa, where £a 
are the variational derivatives (7.3.16). Then we have the chain complex 

O^Im S ^ P^" [VF; Y] i ^ P^" [VF; Y] 2 (7.4. 7) 



of graded densities of antifield number < 2. Its one-boundaries 5$, $ € V^[VF; Y]2, by 
very definition, vanish on-shell. 

Lemma 7.4.2. One can associate to any Grassmann-graded Lagrangian system {S^[F; Y], L) 
the chain complex (7.4.7). □ 

Any one-cycle 

$ = ^ ^^'H^AUJ e F]i (7.4.8) 

0<|A| 



of the complex (7.4.7) is a differential operator on the bundle VF such that it is linear 
on fibres of VF — > F and its kernel contains the graded Euler-Lagrange operator 5L 
(7.3.16), i.e., 

5$ = 0, "^^''""dt^EAUJ = 0. (7.4.9) 

0<|A| 
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Thus, the one-cycles (7.4.8) define the NI (7.4.9) of the Euler-Lagrange operator SL, which 
we call Noether identities (NI) of the Grassmann-graded Lagrangian system {S^[F; Y],L). 

In particular, one-chains $ (7.4.8) are necessarily NI if they are boundaries. Ac- 
cordingly, non-trivial NI modulo the trivial ones are associated to elements of the first 
homology Hi(S) of the complex (7.4.7). A Lagrangian L is called degenerate if there are 
non-trivial NI. 

Non-trivial NI obey first-stage NI. To describe them, let us assume that the module 
Hi{6) is finitely generated. Namely, there exists a graded projective C°°(X)-module 
C(o) C Hi{6) of finite rank with a local basis {Aro;}: 

Arcu = ^f'^'sAACO, Af'^ G 5^[F; Y], (7.4.10) 

0<|A| 

such that any element $ e Hi(S) factorizes as 

$= ^'-'^dsA.o;, ^^'^ e SUF;Y], (7.4.11) 

0<|S| 

through elements (7.4.10) of C(o). Thus, all non-trivial NI (7.4.9) result from the NI 

SAr = Yl ^r'^dASA = 0, (7.4.12) 

0<|A| 

called the complete NI. Clearly, the factorization (7.4.11) is independent of specification 
of a local basis {ArUj}. 

A Lagrangian system whose non-trivial NI are finitely generated is called finitely de- 
generate. Hereafter, degenerate Lagrangian systems only of this type are considered. 

By virtue of Serre-Swan Theorem 6.3.2, the graded module C(o) is isomorphic to a 
module of sections of the density-dual Eq of some graded vector bundle Eq ^ X. Let us 
enlarge V^^; Y] to the DBGA 



'PooW = V*^[VF®Eo;Y] (7.4.13) 

possessing the local generating basis {s^,SA,Cr) where Cr are Noether autiRclds of Grass- 
mann parity [c^] = ([Ar] + l)mod2 and antifield number Ant[cr] = 2. The DBGA (7.4.13) 

is provided with the odd right graded derivation 6o = S+ d ^Ar which is nilpotent iff the 
complete NI (7.4.12) hold. Then 6o is a boundary operator of the chain complex 

0^Im5^V'j'[VF; Y], hv^^{0}^hv^^{0}^ (7.4.14) 
of graded densities of antifield number < 3. Let i?*(5o) denote its homology. We have 



Ho{5o) = Ho{5) = 0. 
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Furthermore, any one-cycle $ up to a boundary takes the form (7.4.11) and, therefore, it 
is a 5o-boundary. Hence, Hi{Sq) = 0, i.e., the complex (7.4.14) is one-exact. 

Lemma 7.4.3. If the homology Hi[S) of the complex (7.4.7) is finitely generated in 
the above mentioned sense, this complex can be extended to the one-exact chain complex 
(7.4.14) with a boundary operator whose nilpotency conditions are equivalent to the 
complete NI (7.4.12). □ 

Let us consider the second homology i?2((^o) of the complex (7.4.14). Its two-chains 
read 

^^G + H= G^'^'cArCo + E H^^'''^^^''''>saaSj:buj. (7.4.15) 

0<|A| 0<|A|,|S| 

Its two-cycles define the first-stage NI 

= 0, Y G^'^d^KoJ = -5H. (7.4.16) 

0<|A| 

The first-stage NI (7.4.16) are trivial either if a two-cycle $ (7.4.15) is a 5o-boundary 
or its summand G vanishes on-shell. Therefore, non-trivial first-stage NI fails to exhaust 
the second homology H2{Sq) the complex (7.4.14) in general. 

Lemma 7.4.4. Non-trivial first-stage NI modulo the trivial ones are identified with 
elements of the homology H2{So) iff any 5-cycle (p G "^oc {0)2 is a 5o-boundary. □ 

A degenerate Lagrangian system is called reducible (resp. irreducible) if it admits 
(resp. does not admit) non-trivial first stage NI. 

If the condition of Lemma 7.4.4 is satisfied, let us assume that non-trivial first-stage 
NI are finitely generated as follows. There exists a graded projective C°°(X)-module 
C H2{5q) of finite rank with a local basis {Ano;}: 

A^ju; = KfcArUJ + hr^u, (7.4.17) 

0<|A| 

such that any element $ e H2{5q) factorizes as 

$ = ^ $^i'=dsA^,a;, $'■1" e (7.4.18) 

0<|H| 

through elements (7.4.17) of Thus, all non-trivial first-stage NI (7.4.16) result from 
the equalities 

^ A;fdAA, + 5/i,, = 0, 

0<|A| 

called the complete first-stage NI. 

The complete first-stage NI obey second-stage NI, and so on. Iterating the arguments, 
one comes to the following. 



(7.4.19) 
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A degenerate Grassmann-graded Lagrangian system [S^[F;Y], L) is called N -stage 
reducible if it admits finitely generated non-trivial A'^-stage NI, but no non-trivial (A^-|-l)- 
stage ones. It is characterized as follows. 

• There are graded vector bundles Eq, . . . , E^ over X, and the DBGA V^[VF; Y] is 
enlarged to the DBGA 



^oo{^} = ^^[^^ © ^0 © • • • © E^; Y] (7.4.20) 
with the local generating basis 

(s , Sj^f Cj., Cj-j , . . . , CrN^ 

where c^^. are Noether k-stage antiGelds of antifield number Ant[crj.] = k + 2. 

• The DBGA (7.4.20) admits with the nilpotent right graded derivation 

6kt = 5n = S+ J2d''A^^^SAA+ E d''\,, (7.4.21) 

0<|A| l<fc<JV 

= E A;--^CA.,_,a; + (7.4.22) 

0<|A| 

^ {hil^-^'^^(^'^h^r,..s^A + ...)u; e ^^{k - 1},+,, 
0<|SMS| 

of antifield number -1. The index k = —1 here stands for sa- The nilpotent derivation 
5kt (7.4.21) is called the Koszul-Tate operator. 

• With this graded derivation, the module {A^}<7v+3 of densities of antifield num- 
ber < (A^ + 3) is decomposed into the exact Koszul-Tate chain complex 

O^lmS ^p^"[FF;y]i J^vT{0}, ^v'^li},... (7.4.23) 

which satisfies the following homology regularity condition. 
Condition 7.4.5. Any 5fe<iv-cycle 

G Vl^{kU3 C V'!^{k + l},+3 

is a 5fc+i-boundary. □ 

• The nilpotentness 6^^^, = of the Koszul-Tate operator (7.4.21) is equivalent to the 
complete non-trivial NI (7.4.12) and the complete non-trivial {k < N)-stage NI 

E A;:-^rfA ( E KlJfc^r,.] = (7.4.24) 

0<|A| Vo<|S| / 



\0<|S|,|S| / 
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This item means the following. 

Theorem 7.4.6. Any (5fc-cocyclc $ G V^{k}k+2 is a fc-stage NI, and vice versa. □ 
Theorem 7.4.7. Any trivial fc-stage NI is a 5fe-boundary $ e P^"{A;}fc+2- n 
Theorem 7.4.8. All non-trivial A;-stage NI, by assumption, factorize as 

$ = ^ ^r.,^d^Ar,u;, ^^^'^ e Sl[F; Y], 

0<|S| 

through the complete ones (7.4.24). □ 

It may happen that a Grassmann-graded Lagrangian field system possesses non-trivial 
NI of any stage. However, we restrict our consideration to A'"-reducible Lagrangian systems 
for a finite integer N. 



7.5 Gauge symmetries 

Different variants of the second Nocthcr theorem have been suggested in order to relate 
reducible NI and gauge symmetries. The inverse second Noether theorem (Theorem 
7.5.3), that we formulate in homology terms, associates to the Koszul-Tate complex 
(7.4.23) of non-trivial NI the cochain sequence (7.5.7) with the ascent operator u (7.5.8) 
whose components are non-trivial gauge and higher-stage gauge symmetries of Lagrangian 
system. Let us start with the following notation. 

Notation 7.5.1. Given the DBGA V*^{N} (7.4.20), we consider the DBGA 

r*^{N} ^VUF®Eo®---®Er,;Y], (7.5.1) 

possessing the local generating basis 

(s^c^c'■^...,c'^-), [c'-'=] = ([cJ + l)mod2, 
and the DBGA 

P:^{N} = V*^[VF®Eo®---®En®Eo®---®En;Y] (7.5.2) 
with the local generating basis 

(s ,S^,C,C ,...,C )Cj., Cj,-^ , . . . , ) . 

Their elements c'^'' are called /c-stage ghosts of ghost number gh[c'''=] — k + 1 and antifield 
number 

Ant[c'''=] = -(k + l). 

The C°°(X)-module C^*^^ of /c-stage ghosts is the density-dual of the module C(k+i) of 
(A; + l)-stage antifields. The DBGAs V*^{N} (7.4.20) and V^{N} (7.5.1) are subalgebras 
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of P^{N} (7.5.2). The Koszul-Tate operator 5kt (7.4.21) is naturally extended to a 
graded derivation of the DBGA P^{N}. □ 

Notation 7.5.2. Any graded differential form G S^[F;Y] and any finite tuple 
(/^), < |A| < k, of local graded functions e ^^[F; Y] obey the following relations: 

^ /X0Aa;= ^(-l)l^ldA(/^)0A^ + (i^^(7, (7.5.3) 

0<|A|<fc 0<|A| 

Y: (-l)l^lrfA(/V) = E ^(/)%'/', (7-5.4) 

0<|A|<fe 0<|A|<ifc 

o<|s|<it-|A| l^l-M*-!- 
^(^(/))^ = (7.5.6) 

□ 

Theorem 7.5.3. Given the Koszul-Tate complex (7.4.23), the module of graded 
densities V^{N} is decomposed into the cochain sequence 

0^5^"[F;r] ^P^-W^ ^V'j^iNy (7.5.7) 
u = ^x + 7/« + ... + 7iW = (7.5.8) 



graded in ghost number. Its ascent operator u (7.5.8) is an odd graded derivation of ghost 
number 1 where 

u^u^^, t.^=E4r/(^T, (7.5.9) 

0<|A| 

is a variational symmetry of a graded Lagrangian L and the graded derivations 

^^'^ = ^"-^9^= E4^^(Ar)^^, A; = l,...,Ar, (7.5.10) 

obey the relations 



E d^u^'^-'-^u^'^-^ = 5(a'-'=-), (7.5.11) 

0<|S| 

0<|S| 

□ 

A glance at the expression (7.5.9) shows that the variational symmetry m is a linear 
differential operator on the C°°(X)-module of ghosts with values into the real space 
Ql of variational symmetries. Following Definition 7.2.10 extended to Lagrangian theories 
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of odd variables, we call u (7.5.9) the gauge symmetry of a graded Lagrangian L which is 
associated to the complete NI (7.4.12). 

Remark 7.5.1. In contrast with Definitions 7.2.10 and 7.2.12, gauge symmetries u 
(7.5.9) are parameterized by ghosts, but not gauge parameters. Given a gauge symmetry 
u (7.2.28) defined as a derivation of the real ring x E], one can associate to it the 

gauge symmetry 

«=( E u'a\^ncl]d,+ l E K\x^,y^)cl\d,, (7.5.12) 

\0<|A|<m / \0<|A|<m / 

which is an odd graded derivation of the real ring S^[E; Y], and vice versa. • 
Turn now to the relation (7.5.11). For A; = 1, it takes the form 

o<is| "^'s 

of a first-stage gauge symmetry condition on-shell which the non-trivial gauge symmetry 
u (7.5.9) satisfies. Therefore, one can treat the odd graded derivation 

0<|A| 

as a first-stage gauge symmetry associated to the complete first-stage NI 

0<[A| Vo<|S| / \0<|E|,|S| 

Iterating the arguments, one comes to the relation (7.5.11) which provides a /c-stage 
gauge symmetry condition which is associated to the complete /c-stage NI (7.4.24). The 
odd graded derivation U(^k) (7.5.10) is called the k-stage gauge symmetry. 

In accordance with Theorem 7.5.3, components of the ascent operator u (7.5.8) are 
complete non-trivial gauge and higher-stage gauge symmetries. Therefore, we agree to 
call this operator the gauge operator. 

Being a variational symmetry, a gauge symmetry u (7.5.9) defines the weak conserva- 
tion law (7.3.30). Let u be an exact Lagrangian symmetry. In this case, the associated 
symmetry current 

X^-ho{u\EL) (7.5.13) 

is conserved. The peculiarity of gauge conservation laws always is that the symmetry 
current (7.5.13) is reduced to a superpotential as follows. 

Theorem 7.5.4. If u (7.5.9) is an exact gauge symmetry of a graded Lagrangian L, 
the corresponding conserved symmetry current J^u (7.5.13) takes the form 

Ju^W + dHU^ {W + dM^'^p^: (7.5.14) 

where the term W vanishes on-shell, and C/ is a horizontal {n — 2)-form. □ 



Chapter 8 

Topics on commutative geometry 



Several relevant topics on commutative geometry and algebraic topology are compiled in 
this Lecture. 

8.1 Commutative algebra 

An algebra A is an additive group which is additionally provided with distributive mul- 
tiplication. All algebras throughout the Lectures are associative, unless they are Lie 
algebras. A ring is defined to be a unital algebra, i.e., it contains a unit element 1 7^ 0. 

A subset X of an algebra A is called a left (resp. right) ideal if it is a subgroup of the 
additive group A and ab E I (resp. ba e X) for all a e ^, 6 e J. If 1 is both a left and 
right ideal, it is called a two-sided ideal. An ideal is a subalgebra, but a proper ideal (i.e., 
I ^ A) oi a ring is not a subring because it does not contain the unit clement. 

Let A be a commutative ring. Of course, its ideals are two-sided. Its proper ideal is 
said to be maximal if it does not belong to another proper ideal. A commutative ring A 
is called local if it has a unique maximal ideal. This ideal consists of all non-invertible 
elements of A. 

Given an ideal I G A, the additive factor group .4/X is an algebra, called the factor 
algebra. If ^ is a ring, then A/I is so. If T is a maximal ideal, the factor ring A/I is a 
field. 

Given an algebra A, an additive group P is said to be a left (resp. right) A-module 
if it is provided with distributive multiplication ^ x P — > P by elements of A such that 
{ab)p — a{bp) (resp. {ab)p — b{ap)) for all a,b E A and p & P. If ^ is a ring, one 
additionally assumes that Ip = p = pi for all p E P. Left and right module structures 
are usually written by means of left and right multiplications {a,p) ap and {a,p) — > pa, 
respectively. If P is both a left module over an algebra A and a right module over an 
algebra A', it is called an (A — .4')-bimodule (an ^-bimodule if ^ = A'). If .4 is a 
commutative algebra, an ^-bimodule P is said to be commutative if ap — pa for all 
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a & A and p & P. Any left or right module over a commutative algebra A can be brought 
into a commutative bimodule. Therefore, unless otherwise stated, any module over a 
commutative algebra A is called an ^-module. A module over a field is called a vector 
space. 

If an algebra ^ is a module over a commutative ring /C, it is said to be a /C-algebra. 

Hereafter, all associative algebras are assumed to be commutative. 
The following are standard constructions of new modules from old ones. 

• The direct sum Pi © P2 of .4-modules Pi and P2 is the additive group Pi x P2 
provided with the .A-module structure 

a{Pi,P2) = {api,ap2), Pi,2 ^ Pi,2, a e A. 

Let {Pi}iei be a set of modules. Their direct sum ©Pj consists of elements {. . . ,pi, . . .) of 
the Cartesian product H Pi such that 7^ at most for a finite number of indices i E I. 

• Given a submodule Q of an ^-module P, the quotient P/Q of the additive group P 
with respect to its subgroup Q also is provided with an ^-module structure. It is called 
a factor module. 

• The set Hom^(P, Q) of ^-linear morphisms of an ^-module P to an ^-module Q 
is naturally an .A-module. The ^-module 

P* = Hom^(P,^) 

is called the dual of an ^-module P. There is a monomorphism P — > P**. 

• The tensor product P © Q of ^-modules P and Q is an additive group which is 
generated by elements p ® q, p E P, q E Q, obeying the relations 

{p + p') q = p <Si q + p' <Si q, 
p<Si {q + q') ^p®q+p®q', 

pa ® q — p ® aq., p & P, Q & Q, a E A. 
It is provided with the ^-module structure 

a{p © g) = (ap) © g p © (qa) = (p © q)a. 

In particular, we have the following. 

(i) If a ring A is treated as an ^-module, the tensor product A ©^ Q is canonically 
isomorphic to Q via the assignment 

A ©^ Q3a®q-<r^aq&Q. 

(ii) The tensor product of Abelian groups G and G' is defined as their tensor product 
G © G" as Z-modules. 

(iii) The tensor product of commutative algebras A and A' is defined as their tensor 
product ^ © as modules provided with the multiplication 

(a © a')(b © b') = (aa') © bb'. 
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An ^-module P is called free if it has a basis, i.e., a linearly independent subset I <Z P 
spanning P such that each element of P has a unique expression as a linear combination 
of elements of / with a finite number of non-zero coefficients from an algebra A. Any 
vector space is free. Any module is isomorphic to a quotient of a free module. A module 
is said to be Gnitely generated (or of Gnite rank) if it is a quotient of a free module with 
a finite basis. 

One says that a module P is projective if it is a direct summand of a free module, i.e., 
there exists a module Q such that P © Q is a free module. A module P is projective iff 
P = pS where 5" is a free module and p is a projector of S, i.e., — p. 
Theorem 8.1.1. Any projective module over a local ring is free. □ 
Now we focus on exact sequences, direct and inverse limits of modules. A composition 
of module morphisms 

P -^Q -^T 

is said to be exact at Q if Ker j — Imi. A composition of module morphisms 

0^ P -^T (8.1.1) 

is called a short exact sequence if it is exact at all the terms P, Q, and T. This condition 
implies that: (i) i is a monomorphism, (ii) Kerj = Imi, and (iii) j is an epimorphism 
onto the quotient T = Q/P. 

Theorem 8.1.2. Given an exact sequence of modules (8.1.1) and another ^-module 
R, the sequence of modules 

^Hom ^(T,i?) ^ Hom ^(Q,i?) ^Hom (P,i?) 

is exact at the first and second terms, i.e., j* is a monomorphism, but i* need not be an 
epimorphism. □ 

One says that the exact sequence (8.1.1) is split if there exists a monomorphism 
s : T ^ Q such that j o s = Id T or, equivalently, 

g = i(P)©s(T) ^P©T. 

Theorem 8.1.3. The exact sequence (8.1.1) is always split if T is a projective module. 

□ 

A directed set J is a set with an order relation < which satisfies the following three 
conditions: (i) i < i, for all i G /; (ii) if i < j and j < k, then i < k; (iii) for any i,j G /, 
there exists k E I such that i < k and j < k. It may happen that i ^ j, but i < j and 
j < i simultaneously. 

A family of modules {Pi}ig/ (over the same algebra), indexed by a directed set /, is 
called a direct system if, for any pair i < j, there exists a morphism : Pi — > Pj such 
that 



r] = IdPi, r}or^ = 4, i < j < k. 
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A direct system of modules admits a direct limit. This is a module Pqo together with 
morphisms r^^ '■ Pi ^ Poo such that f^^yo = ^ic° ''^j ^'^^ ^ < j- '^^^ module Pqo consists 
of elements of the direct sum ©/Pj modulo the identification of elements of Pj with their 
images in Pj for all i < j. An example of a direct system is a direct sequence 

Po ^Pi ^■■■Pi'^---, / = (8.1.2) 

Note that direct limits also exist in the categories of commutative and graded commutative 
algebras and rings, but not in categories containing non-Abelian groups. 

Theorem 8.1.4. Direct limits commute with direct sums and tensor products of 
modules. Namely, let {Pi} and {Qi} be two direct systems of modules over the same 
algebra which are indexed by the same directed set /, and let Poo and Qoo be their direct 
limits. Then the direct hmits of the direct systems {Pj © Qi} and {Pj ® Qi} are P^ © Q^o 
and Poo ® Qoo, respectively. □ 

Theorem 8.1.5. A morphism of a direct system {Pj, r*}/ to a direct system {Qi', p]>}i' 
consists of an order preserving map f : I ^ I' and morphisms : Pi ^ Qf{i) which obey 
the compatibility conditions 

If Poo and Qoo are limits of these direct systems, there exists a unique morphism Poo ■ 
-Poo ~^ Qoo such that 

o P- = P or' 

Poo 2 OO ' OO- 

□ 

Theorem 8.1.6. Direct limits preserve monomorphisms and epimorphisms, i.e., if all 
Pj : Pi — > Qf(i) are monomorphisms or epimorphisms, so is $oo '■ Poo Qoo- Let short 
exact sequences 

O^P. A^g. A^T.^O (8.1.3) 

for alH e / define a short exact sequence of direct systems of modules {Pj}/, {Qi}i: and 
{Ti}j which are indexed by the same directed set /. Then their direct hmits form a short 
exact sequence 

O^Poo ^<5oo ^Too^O. (8.1.4) 

□ 

In particular, the direct limit of factor modules Qi/ Pi is the factor module Qoo/ Poo- 
By virtue of Theorem 8.1.4, if all the exact sequences (8.1.3) are split, the exact sequence 
(8.1.4) is well. 

Remark 8.1.1. Let P be an ^-module. We denote 

p®^ = d P. 
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Let us consider the direct system of ^-modules 

A — >(A®P) — ^•••(^ePe---eP®'=) — 

Its direct limit 

^p^^ePe-.-eP^'^e... (8.1.5) 

is an N-graded ^-algebra with respect to the tensor product <S>- It is called the tensor 
algebra of a module P. Its quotient with respect to the ideal generated by elements 

p ® p' + p' ® p, PiP' ^ Pi 

is an N-gradcd commutative algebra, called the exterior algebra of P. • 
Given an inverse sequences of modules 

P° < — P^ < P' (8.1.6) 

its inductive limit is a module P°° together with morphisms 7r°° : such that 

7r?° — nl o 7r?° for all i < j. It consists of elements (. . . . . .), e P', of the Cartesian 

product n -P* such that = irj {p>) for all i < j. 

Theorem 8.1.7. Inductive limits preserve monomorphisms, but not epimorphisms. 
Let exact sequences 

0^ P^ ^T\ i e M, 

for alH G N define an exact sequence of inverse systems of modules {P*}, {Q*} and {T*}. 
Then their inductive limits form an exact sequence 

poo tT»oo 

^ P°° :^g~ ^T°°. 

□ 

In contrast with direct limits, the inductive ones exist in the category of groups which 
are not necessarily commutative. 



8.2 Differential operators on modules 

This Section addresses the notion of a linear differential operator on a module over a 
commutative ring. 

Let /C be a commutative ring and A a commutative /C-ring. Let P and Q be A- 
modulcs. The /C-modulc Hom;c(P-Q) of /C-modTile homomorphisms $ : P — > Q can be 
endowed with the two different ^-module structures 



(a$)(p) = a$(p), ($ • a)(p) = $(ap), a e A, p e P. 



(8.2.1) 
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For the sake of convenience, we refer to the second one as the ^'-module structure. Let 
us put 

= a$ - $ • a, aeA. (8.2.2) 

Definition 8.2.1. An element A e Rom ic{P, Q) is called a Q- valued differential 
operator of order s on P if 

Sao°---° (^a. A = 

for any tuple of s + 1 elements ao, . . . , of ^. The set Diff ^(P, Q) of these operators 
inherits the A- and ^•-module structures (8.2.1). □ 

In particular, zero order differential operators obey the condition 

5aA{p) = aA{p) - A{ap) = 0, aeA, p e P, 

and, consequently, they coincide with ^-module morphisms P ^ Q. A first order differ- 
ential operator A satisfies the condition 

5bo5aA{p)^baA{p)-bA{ap)-aA{bp) + A{abp)^0, a,beA. (8.2.3) 

The following fact reduces the study of Q- valued differential operators on an ^-module 
P to that of Q-valued differential operators on the ring A. 
Theorem 8.2.2. Let us consider the >l-module morphism 

hs : Diff ,(A Q) ^ Q, hsiA) = A(l). (8.2.4) 

Any Q- valued s-order differential operator A e Diff ^(P, Q) on P uniquely factorizes as 

A : P -^^ Diff ,(^, g) g (8.2.5) 

through the morphism hg (8.2.4) and some homomorphism 

fA :P^Difr,(^,g), (fAp)(a) = A(ap), aeA, (8.2.6) 

of the .4-module P to the ^'-module Diff s(^, g). The assignment A — > f a defines the 
isomorphism 

Diff ,(P,g) = Hom^_^.(P,Diff ,(Ag)). (8.2.7) 

□ 

Let P = A. Any zero order g-valued differential operator A on ^ is defined by its 
value A(l). Then there is an isomorphism 

Diffo(Ag) = g 
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via the association 

Q3q^AgeDiSo{A,Q), 

where is given by the equahty Aq{l) = q. A first order Q- valued differential operator 
A on ^ fulfils the condition 

A{ab) =bA{a) +aA{b) -baA{l), a,beA. 

It is called a Q-vahicd derivation of A if A(l) = 0, i.e., the Leibniz rule 

A{ab) = A{a)b + aA{b), a,b e A, (8.2.8) 

holds. One obtains at once that any first order differential operator on A falls into the 
sum 

A(a) = aA(l) + [A(a) - aA(l)] 

of the zero order differential operator aA(l) and the derivation A(a) — aA(l). If 5 is a 
Q-valued derivation of A, then ad is well for any a & A. Hence, Q-valued derivations of 
A constitute an ^module <){A, Q), called the derivation module. There is the ^module 
decomposition 

DiSi{A,Q) =Q(B-0{A,Q). (8.2.9) 

If P = Q = A, the derivation module dA of A also is a Lie /C-algebra with respect to 
the Lie bracket 

[u,u'] = u o u — u o u, u,u E A. (8.2.10) 
Accordingly, the decomposition (8.2.9) takes the form 

Diffi(^) =^e5A (8.2.11) 
Definition 8.2.3. A connection on an Amodule P is an Amodule morphism 

M 9 V„ e Diff i(P,P) (8.2.12) 
such that the first order differential operators V„ obey the Leibniz rule 

Vu{ap) = u{a)p + aVu{p), a e A, p e P. (8.2.13) 

□ 

Though Vu (8.2.12) is called a connection, it in fact is a covariant differential on a 
module P. 

Let P be a commutative Aring and DP the derivation module of P as a /C-ring. The 
DP is both a P- and Amodulc. Then Definition 8.2.3 is modified as follows. 
Definition 8.2.4. A connection on an A-rmg P is an Amodule morphism 

V„et)PcDiffi(P,P), (8.2.14) 

which is a connection on P as an Amodule. □ 
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8.3 Homology and cohomology of complexes 

This Section summarizes the relevant basics on complexes of modules over a commutative 
ring. 

Let /C be a commutative ring. A sequence 

O^Bo ^ 5i ^ • • • • • • (8.3.1) 

of /C-modules Bp and homomorphisms dp is said to be a chain complex if 
dp o dp+i = 0, peN, 

i.e., Imdp^i C Keidp. Homomorphisms dp are called boundary operators. Elements of a 
module Bp, its submodules Ker dp C Bp and Im dp+i C Ker dp are called p-chains, p-cycles 
and p-boundaries, respectively. The p-th homology group of the chain complex B^ (8.3.1) 
is the factor module 

Hp{B^) = Kerdp/lrndp+i. 

It is a /C-module. In particular, we have Hq[B^) = Bo/lmdi. The chain complex (8.3.1) 
is exact at a term Bp iff Hp{B^) — 0. This complex is said to be k-exact if its homology 
groups Hp<j^{B^) are trivial. It is called exact if all its homology groups are trivial, i.e., 
it is an exact sequence. 
A sequence 

0^50 ii^^i ii^.-.^f i^... (8.3.2) 

of modules B^ and their homomorphisms 5"^ is said to be a cochain complex (or, simply, 
a complex) if 

oSP = Q, p e N, 

i.e., ImS^ C Ker 5*'"*"^. The homomorphisms are called coboundary operators. Elements 
of a module B^, its submodules Ker 5^ C B^ and Im^^"^ are called p-cochains, p-cocycles 
and p-coboundaries, respectively. The p-th cohomology group of the complex B* (8.3.2) 
is the factor module 

It is a /C-module. In particular, H°{B*) — Ker 5°. The complex (8.3.2) is exact at a term 
BP iff HP{B*) — 0. This complex is an exact sequence if all its cohomology groups are 
trivial. 

A complex {B*,6*) is called acyclic if its cohomology groups H^^p[B*) are trivial. A 
complex {B*,S*) is said to be a resolution of a module B if it is acychc and H^{B*) = 
Ker 5° = B. 
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The following are the standard constrnctions of new complexes from old ones. 
• Given complexes {Bl,5l) and (i?2>^2)> their direct sum Bl © is a complex of 
modules 

{Bl © B;Y ^Bl®Bl 

with respect to the coboundary operators 



PhP 

2- 



• Given a subcomplcx {C*,6*) of a complex {B*,S*), the factor complex B*/C* is 
defined as a complex of factor modules B^/C^ provided with the coboundary operators 
5^ [6^] = [5^6^], where \lf] G B^ /C^ denotes the coset of an element If. 

• Given complexes [Bl, 51) and {B^, 5^), their tensor product B^ ® i?2 is a complex of 
modules 

{Bi0B;y= © b'i^b; 

k+r=p 

with respect to the coboundary operators 

® b;) = {6X) ® &2 + i-iM ® im)- 

A cochain morphism of complexes 

7 : ^ B* (8.3.3) 
is defined as a family of degree-preserving homomorphisms 

Y-.Bf^ Bl p e N, 
such that 

(5f o 7^ = 7^+1 oS^^, pe N. 

It follows that if 6^ G -Bf is a cocycle or a coboundary, then 7^(6^) G -Bf is so. Therefore, 
the cochain morphism of complexes (8.3.3) yields an induced homomorphism of their 
cohomology groups 

[7]* : H*{Bl) H*{B;). 

Let short exact sequences 

for all p G N define a short exact sequence of complexes 

O^C* ^B* ^ F* ^ 0, (8.3.4) 
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where 7 is a cochain monomorphism and C is a cochain epimorphism onto the quotient 

F* = B*/C*. 

Theorem 8.3.1. The short exact sequence of complexes (8.3.4) yields the long exact 
sequence of their cohomology groups 

0^//0(C*) ^j1^h\B*) ^//°(F*) ^H\C*) — >■■■ (8.3.5) 
— >HP{C*) ^-^HP{B*) ^^HP{F*) ^HP+\C*) — >■■■. 

□ 

Theorem 8.3.2. A direct sequence of complexes 

B; ^Bl ^.--BlM Bl^, ^ • • • (8.3.6) 

admits a direct limit 5^ which is a complex whose cohomology H*{B'^) is a direct hmit 
of the direct sequence of cohomology groups 

1 

H*{B;) — >H*{Bl) — >---H*{Biy^H*{Bl^^) — >■■■. 

□ 

8.4 Differential calculus over a commutative ring 

Let g be a Lie algebra over a commutative ring K. Let Q act on a /C-module P on the left 
such that 

[e, e']p — {so e' — e' o e)p, e, e' e g. 

Then one calls P the Lie algebra g-module. Let us consider /C-multilinear skew-symmetric 
maps 

c'':XQ^P. 

They form a g-module C''[g; P]. Let us put C^[g;P] — P. We obtain the cochain complex 

O^P ^C'[q;P] ^■■■C''[q;P] (8.4.1) 
with respect to the Chevalley-Eilenberg coboundary operators 

k 

S'c'iso, . . . , £fe) = E(-l)'^iC*^(^o, ...,ei,...,ek)+ (8.4.2) 

1=0 

^ (-l)*+^c^([£i, ej],eo, ...,Si,...,ej,...,ek), 

l<i<j<k 
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where the caret ^ denotes omission. For instance, we have 

6^60) = eop, (8.4.3) 

5^c\£o,ei) = eoc^ei) - eic\eo) - c\[eo,Ei]). (8.4.4) 



The complex (8.4.1) is called the Chevalley-Eilenherg complex, and its cohomology H*{q, P) 
is the Chevalley-Eilenberg cohomology of a Lie algebra q with coefficients in P. 

Let ^ be a commutative /C-ring. Since the derivation module l)A of ^ is a Lie /C- 
algebra, one can associate to A the Chevalley-Eilenberg complex C* [X)A; A] . Its subcom- 
plex of ^-multilinear maps is a DGA, also called the differential calculus over A. By a 
gradation throughout this Section is meant the N-gradation. 

A graded algebra Q* over a commutative ring JC is defined as a direct sum Q* = (BQ^ 

k 

of /C-modules Q'', provided with an associative multiplication law a ■ (3, a, f3 E Q*, such 
that a ■ j3 E f^l^l+l^l, where \a\ denotes the degree of an element a G ^2'"'. In particular, 
it follows that Q° is a (non-commutative) /C-algebra A, while Q.^^^ are ^-bimodules and 
Q,* is an [A — ^)-algebra. A graded algebra is said to be graded commutative if 

a./3= (-l)HI'31/j.a, a,(3eQ*. 

A graded algebra is called the differential graded algebra (DGA) or the differential 
calculus over A if it is a cochain complex of X^-modules 

— ,A -^■■■n'' (8.4.5) 

relative to a coboundary operator S which obeys the graded Leibniz rule 

5(a- (3) ^5a- P+{-l)\'^\a-5(3. (8.4.6) 

In particular, 6 : A ^ fl^ is a. f2^-valued derivation of a /C-algebra A. The cochain complex 
(8.4.5) is said to be the abstract de Rham complex of the DGA {n*,5). Cohomology 
H*{Q*) of the complex (8.4.5) is called the abstract de Rham cohomology. 

A morphism 7 between two DGAs (fi*,5) and {Q'*,d') is defined as a cochain mor- 
phism, i.e., 7 o 5 = 7 o 5'. It yields the corresponding morphism of the abstract de Rham 
cohomology groups of these algebras. 

One considers the minimal differential graded subalgebra Q*A of the DGA O,* which 
contains A. Seen as an (^ — ^)-algebra, it is generated by the elements Sa, a E A, and 
consists of monomials 

a = agSai ■ ■ ■ Sa^, di G A, 

whose product obeys the juxtaposition rule 



(aoSai) ■ (boSbi) — ao5(ai6o) • ^bi — aoUiSbo ■ 5bi 
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in accordance with the equahty (8.4.6). The DGA {Q*A,5) is called the minimal differ- 
ential calculus over A. 

Let now ^ be a commutative /C-ring possessing a non-trivial Lie algebra DA of deriva- 
tions. We consider the extended Chevalley-Eilenberg complex 

■^C*[0A;A] 

of the Lie algebra DA with coefficients in the ring A, regarded as a c)^-module. It is 
easily justified that this complex contains a subcomplex of ^-multilinear skew- 

symmetric maps 

/:xM^^ (8.4.7) 
with respect to the Chevalley-Eilenberg coboundary operator 

k 

d(t){uQ, ...,Uk)= ^(-l)*Mi(0(Mo, Uk)) + (8.4.8) 

^(-l)*+-'0([lii, Uj],Uo, ...,Ui,...,Uj,...,Uk). 

i<j 

In particular, we have 

{da){u) — u{a), a G A, u G DA, 

{d(f)){uo,ui) = uo{(l){ui)) -ui{(f){uo)) - (f){[uo,ui\), (f) e 0'^[DA], 
O^'lDA] = A, 

0^[DA] = Hom^(0^,^) = DA*. 

It follows that d{l) — and d is a C^[5^]-valued derivation of A. 

The graded module O* [DA] is provided with the structure of a graded ^-algebra with 
respect to the exterior product 

(l)A<f)'{ui,...,Ur+s)^ (8.4.9) 

ii<---<ir;ji<---<js 

(peO'lDA], (j)'eO'[DA], Uk^DA, 
where sgn;;; is the sign of a permutation. This product obeys the relations 
d((/) A 0') = d(0) A 0' + (-l)!"^!*/) A d(0')> 0, e 0*[DA], 

0A0'= (-1)I'^II^Va0. (8.4.10) 

By virtue of the first one, C*[c)^] is a differential graded /C-algebra, called the Chevalley- 
Eilenberg differential calculus over a /C-ring A. The relation (8.4.10) shows that 0*[c).4] 
is a graded commutative algebra. 
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The minimal Chevalley-Eilenberg differential calculus 0*A over a ring A consists of 
the monomials 

Qodai A • • • A dttk, G A. 

Its complex 

O^JC — >A ^O^A ^■■■O'^A (8.4.11) 

is said to be the de Rham complex of a /C-ring A, and its cohomology H*{A) is called the 
de Rham cohomology of ^. 

8.5 Sheaf cohomology 

A sheaf on a topological space X is a continuous fibre bundle tt : S ^ X in modules over 
a commutative ring /C, where the surjection tt is a local homeomorphism and fibres Sx, 
X E X, called the stalks, are provided with the discrete topology. Global sections of a 
sheaf S make up a /C-module S{X), called the structure module of S. 

Any sheaf is generated by a presheaf. A presheaf S^uy on a topological space X is 
defined if a module Su over a commutative ring IC is assigned to every open subset U G X 
{S(j) = 0) and if, for any pair of open subsets V G U, there exists the restriction morphism 
ry : Su ^ Sv such that 

r^ = ldSu, r^ = r^r^, WgVgU. 

Every presheaf S{uj on a topological space X yields a sheaf on X whose stalk Sx at a 
point a; e X is the direct limit of the modules Su, x E U, with respect to the restriction 
morphisms ry. It means that, for each open neighborhood [/ of a point x, every element 
s & Su determines an element Sx & Sx, called the germ of s at x. Two elements s & Su and 
s' e Sy belong to the same germ at x iff there exists an open neighborhood W (Z U nV 
of X such that rfyS = r^rs' . 

Example 8.5.1. Let C^u} presheaf of continuous real functions on a topological 

space X. Two such functions s and s' define the same germ Sx if they coincide on an 
open neighborhood of x. Hence, we obtain the sheaf Cx of continuous functions on X. 
Similarly, the sheaf Cx of smooth functions on a smooth manifold X is defined. Let us 
also mention the presheaf of real functions which are constant on connected open subsets 
oi X. It generates the constant sheaf on X denoted by M. • 

Different presheaves may generate the same sheaf. Conversely, every sheaf S defines a 
presheaf S{{U}) of modules S{U) of its local sections. It is called the canonical presheaf 
of the sheaf S. If a sheaf S is constructed from a presheaf S^u}, there are natural module 
morphisms 

Su 3 s ^ s{U) e S{U), s{x) ^ Sx, xeU, 
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which are neither monomorphisms nor epimorphisms in general. For instance, it may 
happen that a non-zero presheaf defines a zero sheaf. The sheaf generated by the canonical 
presheaf of a sheaf S coincides with S. 

A direct sum and a tensor product of presheaves (as famihes of modules) and sheaves 
(as fibre bundles in modules) are naturally defined. By virtue of Theorem 8.1.4, a direct 
sum (resp. a tensor product) of presheaves generates a direct sum (resp. a tensor product) 
of the corresponding sheaves. 

Remark 8.5.2. In a different terminology, a sheaf is introduced as a presheaf which 
satisfies the following additional axioms. 

(SI) Suppose that U C X is an open subset and {Ua} is its open cover. If s, s' e Su 
obey the condition 



for all Ua, then s = s'. 

(S2) Let U and {Ua} be as in previous item. Suppose that we are given a family of 
presheaf elements {s„ G Su^} such that 

for all Ua, U\. Then there exists a presheaf element s E Su such that Sa — r^^{s). 
Canonical presheaves are in one-to-one correspondence with presheaves obeying these 
axioms. For instance, presheaves of continuous, smooth and locally constant functions in 
Example 8.5.1 satisfy the axioms (SI) - (S2). • 

Reiricirk 8.5.3. The notion of a sheaf can be extended to sets, but not to non- 
commutative groups. One can consider a presheaf of such groups, but it generates a sheaf 
of sets because a direct limit of non-commutative groups need not be a group. The first 
(but not higher) cohomology of X with coefficients in this sheaf is defined. • 

A morphism of a presheaf S^uy to a presheaf S'^^y on the same topological space X 
is defined as a set of module morphisms '■ Su ^ S[j which commute with restriction 
morphisms. A morphism of presheaves yields a morphism of sheaves generated by these 
presheaves. This is a bundle morphism over X such that '^x '■ Sx ^ S'^ is the direct limit 
of morphisms 7^7, a; G t/. Conversely, any morphism of sheaves 5 — > S" on a topological 
space X yields a morphism of canonical presheaves of local sections of these sheaves. 
Let }lova.{S\u-iS'\u) be the commutative group of sheaf morphisms S\u — > S'\u for any 
open subset U C X. These groups are assembled into a presheaf, and define the sheaf 
Hom [S, S') on X. There is a monomorphism 

Hom {S, S'){U) Hom {S{U), S'{U)), (8.5.1) 

which need not be an isomorphism. 

By virtue of Theorem 8.1.6, if a presheaf morphism is a monomorphism or an epimor- 
phism, so is the corresponding sheaf morphism. Furthermore, the following holds. 
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Theorem 8.5.1. A short exact sequence 

^ S[u^ S{u} - S'luy ^ (8.5.2) 

of presheaves on the same topological space yields the short exact sequence of sheaves 
generated by these presheaves 

^ S' ^ S ^ S" ^ 0, (8.5.3) 

where the factor sheaf S" = S/ S' is isomorphic to that generated by the factor presheaf 
^{u} ~ ^{u}/^{u}- exact sequence of presheaves (8.5.2) is split, i.e., 

the corresponding splitting 

S = S'® s" 

of the exact sequence of sheaves (8.5.3) holds. □ 

The converse is more intricate. A sheaf morphism induces a morphism of the corre- 
sponding canonical presheaves. If — > 5" is a monomorphism, 

S{{U}) ^ S'{{U}) 
also is a monomorphism. However, if 5" — > 5" is an epimorphism, 

sm) - s'm) 

need not be so. Therefore, the short exact sequence (8.5.3) of sheaves yields the exact 
sequence of the canonical presheaves 

- S'{{U}) - S{{U}) ^ S"{{U}), (8.5.4) 

where S{{U}) — > S"{{U}) is not necessarily an epimorphism. At the same time, there is 
the short exact sequence of presheaves 

^ S'{{U}) ^ S{{U}) ^ Sl^y ^ 0, (8.5.5) 

where the factor presheaf 

Stu} = S{{U})/S'{{U}) 

generates the factor sheaf S" = S/S', but need not be its canonical presheaf. 

Let us turn now to sheaf cohomology. Note that only proper covers are considered. 

Let S{u} be a presheaf of modules on a topological space X, and let il = {Ui}i^i be 
an open cover of X. One constructs a cochain complex where a p-cochain is defined as a 
function which associates an element 

sP{io, ...,ip)e Su^^n-nUi^ (8.5.6) 
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to each {p + l)-tuplc {io, ■ ■ ■ ,ip) of indices in /. These p-cochains are assembled into a 
module C^(il, S^uy). Let us introduce the coboundary operator 

W(zo, . . . = J2i-^)'^wA^o, ...Jk,.. • (8.5.7) 

k=0 

One can easily check that 5^"*"^ o 5^ = 0. Thus, we obtain the cochain complex of modules 

^ C°(il, S^u}) ^ • • • C^(il, S^u}) ^ C^+'(il, S^u}) (8.5.8) 
Its cohomology groups 

are modules. Of course, they depend on an open cover ii of X. 

Let il' be a refinement of the cover H. Then there is a morphism of cohomology groups 

H*{H;S{u})^H*iii'-S{u}). (8.5.9) 

Let us take the direct limit of cohomology groups H*[ii; S{uy) relative to these mor- 
phisms, where it runs through all open covers of X. This limit H*{X; S^uj) is called the 
cohomology of X with coefficients in the presheaf S^uy. 

Let 5" be a sheaf on a topological space X. Cohomology of X with coefhcients in S 
or, simply, sheaf cohomology of X is defined as cohomology 

H*{X;S) = H*{X;S{{U})) 

with coefficients in the canonical presheaf S{{U}) of the sheaf S. 
In this case, a p-cochain G C^(il, S{{U})) is a collection 

of local sections s^(io, ■ ■ ■ tip) of the sheaf S over Ui^ (1 ■ ■ ■ (1 Ui^ for each (p + l)-tuple 
(C/jp, . . . , C/jp) of elements of the cover il. The coboundary operator (8.5.7) reads 

p+i ^ 
5PsP{iQ, ip+i) = ^(-1)^=5^(^0, . . . . . . , ip+i)\ui^n-nUi^^,- 

k=0 

For instance, we have 

5%\i,j)^[s\j)-s'ii)Unu„ (8.5.10) 
5's\i,j,k) = [s\j,k) - s\i,k)+s\i,j)]\u,nu,nu,. (8.5.11) 
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A glance at the expression (8.5.10) shows that a zero-cocycle is a collection s = {s{i)}i 
of local sections of the sheaf S over f/j G IX such that s{i) = s{j) on Ui fl Uj. It follows 
from the axiom (S2) in Remark 8.5.2 that s is a global section of the sheaf S, while each 
s{i) is its restriction s\u^ to 1/^. Consequently, the cohomology group 5' ({?/})) is 

isomorphic to the structure module S{X) of global sections of the sheaf S. A one-cocycle 
is a collection {s(i, j)} of local sections of the sheaf S over overlaps Ui fl Uj which satisfy 
the cocycle condition 

[s{j, k) - s{i, k) + s{i, 3)]\u.nu,nu, = 0. (8.5.12) 

If X is a paracompact space, the study of its sheaf cohomology is essentially simplified 
due to the following fact. 

Theorem 8.5.2. Cohomology of a paracompact space X with coefficients in a sheaf 
S coincides with cohomology of X with coefficients in any presheaf generating the sheaf 
S. □ 

Remark 8.5.4. We follow the definition of a paracompact topological space as a 
Hausdorff space such that any its open cover admits a locally finite open refinement, i.e., 
any point has an open neighborhood which intersects only a finite number of elements of 
this refinement. A topological space X is paracompact iff any cover {U^} of X admits a 
subordinate partition of unity {/^}, i.e.: 

(i) are real positive continuous functions on X; 

(n) supp C f/^; 

(iii) each point x E X has an open neighborhood which intersects only a finite number 
of the sets supp 

(iv) E M^) = 1 for all xeX. • 

The key point of the analysis of sheaf cohomology is that short exact sequences of 
sheaves yield long exact sequences of their cohomology groups. 

Let S{u} and S'^jjy be presheaves on the same topological space X. It is readily observed 
that, given an open cover H of X, any morphism S^uy — > S'^jjy yields a cochain morphism 
of complexes 

C*(ii,S{U})^C*(iX,S[^y) 

and the corresponding morphism 

H*(ii;S[u})^H*{ii;S[uy) 

of cohomology groups of these complexes. Passing to the direct limit through all refine- 
ments of it, we come to a morphism of cohomology groups 

H*{X; S{u}) H*{X; S[jjy) 
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of X with coefficients in tfie presfieaves S^u} s-nd S'^u}- particular, any sfieaf morpfiism 
S ^ S' yields a morphism of canonical presheaves 

S{{U}) - S'{{U}) 

and the corresponding cohomology morphism 

H*{X;S) H*{X;S'). 

By virtue of Theorems 8.3.1 and 8.3.2, every short exact sequence 

- S[uy S{u} S^uy ^ (8.5.13) 

of presheaves on the same topological space X and the corresponding exact sequence of 
complexes (8.5.8) yield the long exact sequence 

^ H\X; S[uy) -^H\X- S{u}) ^H\X- S'l^^) (8.5.14) 
H\X-S[uy) -^...H\X-S[u}) -^H^{X-S{u)) 
H^{X-Sl^^) ^m^\X;S[^^) 

of the cohomology groups of X with coefficients in these presheaves. This result is ex- 
tended to the exact sequence of sheaves. Let 

O^S' — >S — >S" ^0 (8.5.15) 

be a short exact sequence of sheaves onX. It yields the short exact sequence of presheaves 
(8.5.5) where the presheaf S"jjy generates the sheaf S". If X is paracompact, 

H*{X;Sl^y)=H*{X;S") 

in accordance with Theorem 8.5.2, and we have the exact sequence of sheaf cohomology 

O^H\X;S') — >H%X;S) — >H\X;S") — > (8.5.16) 
H\X;S') — y-HP{X;S') — >HP{X]S) — > 
HP{X-S") — >HP+\X;S') — 

Let us turn now to the abstract de Rham theorem which provides a powerful tool of 
studying algebraic systems on paracompact spaces. 
Let us consider an exact sequence of sheaves 

0^ S ^---Sp (8.5.17) 

It is said to be a resolution of the sheaf S if each sheaf Sp>o is acychc, i.e., its cohomology 
groups H^^^{X] Sp) vanish. 
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Any exact sequence of sheaves (8.5.17) yields the sequence of their structure modules 

O^S{X) ^So{X) ^Si{X) ^■■■Sp{X) (8.5.18) 

which is always exact at terms S{X) and So{X) (see the exact sequence (8.5.4)). The 
sequence (8.5.18) is a cochain complex because 

If X is a paracompact space and the exact sequence (8.5.17) is a resolution of S, the 
forthcoming abstract de Rham theorem establishes an isomorphism of cohomology of the 
complex (8.5.18) to cohomology of X with coefficients in the sheaf S. 

Theorem 8.5.3. Given a resolution (8.5.17) of a sheaf 5" on a paracompact topological 
space X and the induced complex (8.5.18), there are isomorphisms 

H%X; S) = Ker hi, H'^{X- S) = Ker hl/lm hr\ q>0. (8.5.19) 

□ 

A sheaf S* on a paracompact space X is called fine if, for each locally finite open cover 
a = {Ui}i(zj of X, there exists a system {hi} of endomorphisms hi : S ^ S such that: 

(i) there is a closed subset C C/j and hi{Sx) —^ilx^Vi, 

(ii) hi is the identity map of S. 

iei 

Theorem 8.5.4. A fine sheaf on a paracompact space is acychc. □ 
There is the following important example of fine sheaves. 

Theorem 8.5.5. Let X be a paracompact topological space which admits a partition 
of unity performed by elements of the structure module 2l(X) of some sheaf 21 of real 
functions on X. Then any sheaf S of 2l-modules on X, including 21 itself, is fine. □ 

In particular, the sheaf Cx of continuous functions on a paracompact topological space 
is fine, and so is any sheaf of C^-modules. 

8.6 Local-ringed spaces 

Local-ringed spaces are sheafs of local rings. For instance, smooth manifolds, represented 
by sheaves of real smooth functions, make up a subcategory of the category of local-ringed 
spaces. 

A sheaf 91 on a topological space X is said to be a ringed space if its stalk at each 
point X E X is a real commutative ring. A ringed space is often denoted by a pair {X, 9^) 
of a topological space X and a sheaf IH of rings on X. They are called the body and the 
structure sheaf of a ringed space, respectively. 

A ringed space is said to be a local-ringed space (a geometric space) if it is a sheaf of 
local rings. 
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For instance, the sheaf Cx of continuous real functions on a topological space X is a 
local-ringed space. Its stalk C°, x e X, contains the unique maximal ideal of germs of 
functions vanishing at x. 

Morphisms of local-ringed spaces are defined as those of sheaves on different topological 
spaces as follows. 

Let (f : X X' he a. continuous map. Given a sheaf S on X, its direct image (p^S on 
X' is generated by the presheaf of assignments 

X'dU'^ S{ip-\U')) 

for any open subset U' C X'. Conversely, given a sheaf S' on X', its inverse image ip*S' 
on X is defined as the pull-back onto X of the continuous fibre bundle S' over X', i.e., 
(p*S'^ — Stp(^x)- This sheaf is generated by the presheaf which associates to any open V C X 
the direct limit of modules S'{U) over all open subsets U G X' such that V C f^^{U). 

Remark 8.6.1. Let i : X ^ X' he Sk closed subspace of X' . Then i^S is a unique 
sheaf on X' such that 

i*S\x — S, i*S\x'\x — 0. 
Indeed, ii x' e X (Z X', then 

uS{u') = s{u'nx) 

for any open neighborhood U of this point. If x' ^ X, there exists its neighborhood U' 
such that U' n X is empty, i.e., i^S{U') = 0. The sheaf i^S is called the trivial extension 
of the sheaf S. • 

By a morphism of ringed spaces 

{X, D\) {X', m') 

is meant a pair [ip, (p) of a continuous map (p : X ^ X' and a sheaf morphism : fH' — > 
ipjy\ or, equivalently, a sheaf morphisms — > Restricted to each stalk, a sheaf 
morphism $ is assumed to be a ring homomorphism. A morphism of ringed spaces is said 
to be: 

• a monomorphism if (/? is an injection and $ is an epimorphism, 

• an epimorphism if is a surjection, while $ is a monomorphism. 

Let (X, 9^) be a local-ringed space. By a sheaf c)9^ of derivations of the sheaf 9^ is 
meant a subsheaf of endomorphisms of 9^ such that any section u of c)fH over an open 
subset U C X is a derivation of the real ring y{{U). It should be emphasized that, since 
the monomorphism (8.5.1) is not necessarily an isomorphism, a derivation of the ring 
9^(f/) need not be a section of the sheaf Namely, it may happen that, given open 

sets U' C [/, there is no restriction morphism 



t)(9l(C/)) ^ ?)(9l(C/')). 
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Given a local- ringed space (X, IK), a sheaf P on X is called a sheaf of Dl-modules if 
every stalk P.^.. x G X, is an 9^^-module or, equivalently, if P{U) is an 9^([/)-modulc for 
any open subset U G X. A sheaf of IH-modules P is said to be locally free if there exists 
an open neighborhood U of every point x E X such that P{U) is a free -module. If 
all these free modules are of finite rank (resp. of the same finite rank), one says that P 
is of finite type (rcsp. of constant rank). The structure module of a locally free sheaf is 
called a locally free module. 

The following is a generalization of Theorem 8.5.5. 

Theorem 8.6.1. Let X be a paracompact space which admits a partition of unity 
by elements of the structure module S{X) of some sheaf S of real functions on X. Let P 
be a sheaf of ^-modules. Then P is fine and, consequently, acyclic. □ 

Assumed to be paracompact, a smooth manifold X admits a partition of unity per- 
formed by smooth real functions. It follows that the sheaf Cx of smooth real functions 
on X is fine, and so is any sheaf of C^-modules, e.g., the sheaves of sections of smooth 
vector bundles over X. 

Similarly to the sheaf Cx of continuous functions, the sheaf Cx of smooth real func- 
tions on a smooth manifold X is a local-ringed spaces. Its stalk C^ at a point x E X 
has a unique maximal ideal fx^ of germs of smooth functions vanishing at x. Though the 
sheaf Cx is defined on a topological space X, it fixes a unique smooth manifold structure 
on X as follows. 

Theorem 8.6.2. Let X be a paracompact topological space and (X, IH) a local- 
ringed space. Let X admit an open cover {Ui} such that the sheaf $H restricted to each 
Ui is isomorphic to the local-ringed space (M", C^). Then X is an n-dimensional smooth 
manifold together with a natural isomorphism of local-ringed spaces (X, 9^) and (X, Cx)- 
□ 

One can think of this result as being an alternative definition of smooth real manifolds 
in terms of local-ringed spaces. In particular, there is one-to-one correspondence between 
smooth manifold morphisms X — > X' and the M-ring morphisms C°°{X') — > C°°(X). 

For instance, let F — > X be a smooth vector bundle. The germs of its sections make up 
a sheaf of C^-modules, called the structure sheaf Sy of a vector bundle y — > X. The sheaf 
Sy is fine. The structure module of this sheaf coincides with the structure module ^(X) 
of global sections of a vector bundle Y X. The following Serre-Swan theorem shows 
that these modules exhaust all projective modules of finite rank over C°°{X). Originally 
proved for bundles over a compact base X, this theorem has been extended to an arbitrary 
X. 

Theorem 8.6.3. Let X be a smooth manifold. A C°°(X)-module P is isomorphic 
to the structure module of a smooth vector bundle over X iff it is a projective module of 
finite rank. □ 

This theorem states the categorial equivalence between the vector bundles over a 
smooth manifold X and projective modules of finite rank over the ring C°°(X) of smooth 
real functions on X. The following are corollaries of this equivalence 
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• The structure module Y*{X) of the dual Y* ^ X oi a. vector bundle Y ^ X is the 
C°°(X)-dual Y{X)* of the structure module Y{X) oiY ^ X. 

• Any exact sequence of vector bundles 

^ y — ^Y' — ^ (8.6.1) 

over the same base X yields the exact sequence 

O^Y{X) — >Y'{X) — >Y"{X)^Q (8.6.2) 

of their structure modules, and vice versa. In accordance with Theorem 1.2.2, the exact 
sequence (8.6.1) is always split. Every its splitting defines that of the exact sequence 
(8.6.2), and vice versa. 

• The derivation module of the real ring C°°(X) coincides with the C°°(X)-module 
T{X) of vector fields on X, i.e., with the structure module of the tangent bundle TX 
of X. Hence, it is a projective C°°(X)-module of finite rank. It is the C°°(X)-dual 
T (X) = 0^{Xy of the structure module 0^{X) of the cotangent bundle T*X of X which 
is the module of differential one-forms on X and, conversely, 

o\x) ^T{xy. 

• Therefore, if P is a C°°(X)-module, one can reformulate Definition 8.2.3 of a connec- 
tion on P as follows. A connection on a C°°(X)-module P is a C°°(X)-module morphism 

V : P ^0\X)^P, (8.6.3) 

which satisfies the Leibniz rule 

V{fp)^df^p + fV{p), feC°°{X), peP. 

It associates to any vector field r e ^(X) on X a first order differential operator Vr on 
P which obeys the Leibniz rule 

Vr{fp) = {r\df)p + fVrP. (8.6.4) 

In particular, let F ^ X be a vector bundle and Y{X) its structure module. The notion 
of a connection on the structure module Y{X) is equivalent to the standard geometric 
notion of a connection on a vector bundle y — > X. 

Since the derivation module of the real ring C°°{X) is the C°°(X)-module T(X) of 
vector fields on X and 

0\X)^T{X)*, 

the Chevalley-Eilenberg differential calculus over the real ring C°°(X) is exactly the DGA 
(0*(X), d) of exterior forms on X, where the Chevalley-Eilenberg coboundary operator d 
(8.4.8) coincides with the exterior differential. Moreover, one can show that (C*(X), d) is 
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a minimal differential calculus, i.e., the C°°(X)-module 0^{X) is generated by elements 
df, f E C°°{X). Therefore, the de Rham complex (8.4.11) of the real ring C°°{X) is the 
de Rham complex 

^ M — ^C^{X) 0\X) ^ • • • 0\X) ^ • • • (8.6.5) 

of exterior forms on a manifold X. 

The de Rham cohomology of the complex (8.6.5) is called the de Rham cohomology 
Hi)r{^) of ^- To describe them, let us consider the de Rham complex 

O^M — >C^ ^O]^ ^■■■O'^x (8.6.6) 

of sheaves O^, k G N+, of germs of exterior forms on X. These sheaves are fine. Due to 
the Pomcare lemma, the complex (8.6.6) is exact and, thereby, is a fine resolution of the 
constant sheaf M on a manifold X. Then a corollary of Theorem 8.5.3 is the classical de 
Rham theorem. 

Theorem 8.6.4. There is an isomorphism 

H^^iX) = H\X;R) (8.6.7) 

of the de Rham cohomology H^-^[X) of a manifold X to cohomology oiX with coefficients 
in the constant sheaf M. □ 



CHAPTER 8. TOPICS ON COMMUTATIVE GEOMETRY 



Bibliography 



[1] Anderson, I. (1992). Introduction to the variational bicomplex, Contemp. Math., 
132, 51. 

[2] Barnich, G., Brandt, F. and Hcnneaux, M. (2000). Local BRST cohomology in 
gauge theories, Phys. Rep. 338, 439. 

[3] Bartocci, C, Bruzzo, U. and Hernandez Ruiperez, D.(1991). The Geometry of 
Supermanifolds (Kluwer, Dordrecht). 

[4] Bashkirov, D., Giachetta, G., Mangiarotti, L. and Sardanashvily, G. (2008). The 
KT-BRST complex of degenerate Lagrangian systems, Lett. Math. Phys. 83, 237. 

[5] Bryant, R., Chern, S., Gardner, R., Goldschmidt, H. and Griffiths, P. (1991). 
Exterior Differential Systems ( Springer- Verlag, Berlin). 

[6] Fatibene, L. and Francaviglia, M. (2003). Natural and Gauge Natural Formal- 
ism for Glassical Field Theories. A Geometric Perspective Including Spinors and 
Gauge Theories (Kluwer, Dordrecht). 

[7] Giachetta, G., Mangiarotti, L. and Sardanashvily, G. (2005). Lagrangian super- 
symmetries depending on derivatives. Global analysis and cohomology, Commun. 
Math. Phys., 259, 103. 

[8] Giachetta, G., Mangiarotti, L. and Sardanashvily, G. (2009). On the notion of 
gauge symmetries of generic Lagrangian field theory, J. Math. Phys 50, 012903. 

[9] Giachetta, G., Mangiarotti, L. and Sardanashvily, G. (2009). Advanced Classical 
Field Theory (World Scientific, Singapore). 

[10] Greub, W., Halperin, S. and Vanstone, R. (1972). Connections, Curvature and 
Cohomology (Academic Press, New York). 

[11] Hirzebruch, F. (1966) Topological Methods in Algebraic Geometry (Springer- 
Verlag, Berlin). 



145 



146 BIBLIOGRAPHY 

[12] Kobayashi, S. and Nomizu, K. (1963) Foundations of Differential Geometry (John 
Wiley, New York - Singapore) . 

[13] Kolaf, I., Michor, P. and Slovak, J. (1993) Natural Operations in Differential 
Geometry (Springer- Verlag, Berlin). 

[14] Krasil'shchik, I., Lychagin, V. and Vinogradov, A. (1985). Geometry of Jet Spaces 
and Nonlinear Partial Differential Equations (Gordon and Breach, Glasgow). 

[15] Mangiarotti, L. and Sardanashvily, G. (2000). Connections in Classical and Quan- 
tum Field Theory (World Scientific, Singapore). 

[16] Massey, W. (1978). Homology and Cohomology Theory (Marcel Dekker, Inc., New 
York). 

[17] Sardanashvily, G. (2007). Graded infinite order jet manifolds. Int. J. Geom. Meth- 
ods Mod. Phys. 4, 1335. 

[18] Saunders, D. (1989). The Geometry of Jet Bundles (Cambridge Univ. Press, Cam- 
bridge) . 

[19] Steenrod, N. (1972). The Topology of Fibre Bundles (Princeton Univ. Press, 
Princeton) . 

[20] Takens, F. (1979) A global version of the inverse problem of the calculus of vari- 
ations, J. Diff. Geom. 14, 543. 



Index 





T/, 3 


C^, 133 


VF, 11 


Cw, 76 


i^r, 49 


Dv, 41 


V^, 11 


G-bundle, 55 


12 


principal, 56 


i^*r, 50 


smooth, 56 


VgP, 58 


GL„, 74 


V^eI^, 48 


HY, 37 


V^Y, 48 


H\X-G\),^b 


y(x), 9 


J^Y, 23 


y*, 9 


Ji$, 24 


[A], 108 


Jiy, 47 


Tr, 38 


J^s, 24 


r*, 44 


Ji-u, 24 


Lu, 18 


32 


1, 51 


J'^u, 27 


u, 119 


j'^r, 25 


Ae, 91 


J''$, 27 


Sl, 99 


7*^5, 27 


99 


LX, 74 


JF, 64 


Lg, 52 


0^, 52 


52 


0,, 52 


P^, 65 


Jv: 103 


p®fe^ 124 


0*{Z), 16 


Ps, 71 


C>*[M], 132 


Rg, 52 


0*A, 133 


52 


33 


Rgp, 57 




i?3P, 57 




TZ, 3 


0^, 27 


T*Z, 3 


101 


TbP, 58 


p^[£;;y],ii4 



147 



148 



INDEX 



Q^o, 33 
S*[E;Z], 95 
S*JF;X], 106 
S*JF-Y], 107 
S;[F;Y], 106 
T{Z), 14 
Vi,, 93 
GiX), 66 

^?L, 111 

<^iv, 117 

^KT, 117 
^A, 14 

90 
90 
DA, 127 
c)^£. 93 

41 

E, 113 

rfy', 12 

5, 114 

cu, 17 
ux, 17 
iJ, 112 
®P, 125 
n\ 23 
Tfi, 23 

TT^, 32 

vrL 26 
ttfe, 8 

V'^, 5 

e\ 24 

^X, 29 
^z, 19 
0LX, 75 

S^mj 52 

AF, 10 
0^9 
D, 49 



f , 14 
{a%}, 45 
rfn, 34 
(iv, 34 
dx, 24 

rr, 8 

/T, 39 

r0, 17 

/io, 29 
mJ(/), 18 
Mg, 66 
Adg, 53 

action of a group, 51 

effective, 51 

free, 51 

on the left, 51 

on the right, 51 

transitive, 51 
action of a structure group 

on Jip, 60 

on P, 57 

on TP, 58 
adjoint representation 

of a Lie algebra, 53 

of a Lie group, 53 
affine bundle, 12 

morphism, 13 
algebra, 121 

Z2-graded, 83 
commutative, 83 

OlY, 33 

VUE;Y], 114 
S*JF;Y], 107 
differential bigraded, 89 
differential graded, 131 
graded, 131 

commutative, 131 
unital, 121 
annihilator of a distribution, 15 



INDEX 



antifield, 114 

/c-stage, 117 

Noether, 115 
associated bundles, 55 
automorphism 

associated, 69 

principal, 65 
autoparallel, 79 

base of a fibred manifold, 5 

basic form, 17 

basis 

for a graded manifold, 91 

for a module, 123 

generating, 108 
Batchelor theorem, 90 
Bianchi identity 

first, 43 

second, 42 
bigraded 

de Rham complex, 89 

exterior algebra, 84 
bimodule, 121 

commutative, 121 

graded, 84 
body 

of a graded manifold, 90 
of a ringed space, 139 
body map, 85 
boundary, 128 
boundary operator, 128 
bundle 

P-associated, 68 
affine, 12 
associated, 70 

canonically, 70 
atlas, 6 
associated, 68 
holonomic, 11 

of constant local triviahzations, 47 
automorphism, 7 



vertical, 7 
composite, 9 
continuous, 6 

locally trivial, 6 
coordinates, 6 

affine, 13 

linear, 9 
cotangent, 3 
density-dual, 113 
epimorphism, 7 
exterior, 10 
gauge natural, 76 
isomorphism, 7 
lift, 70 

locally trivial, 6 
monomorphism, 7 
morphism, 7 

affine, 13 

linear, 9 

of principal bundles, 58 
natural, 74 

of principal connections, 61 
of world connections, 76 
principal, 56 
product, 8 
smooth, 6 
tangent, 3 

affine, 13 

vertical, 11 
with a structure group, 55 

principal, 56 

smooth, 56 

canonical principal connection, 64 
Cartan connection, 46 
chain, 128 
Chevalley-Eilenb erg 

coboundary operator, 130 
graded, 88 

cohomology, 131 

complex, 131 



150 



INDEX 



differential calculus, 132 
Grassmann-graded, 89 
minimal, 133 
Christoffel symbols, 45 
classical solution, 30 
closed map, 5 
coboundary, 128 
coboundary operator, 128 

Chevalley-Eilenberg, 130 
cochain, 128 
cochain morphism, 129 
cocycle, 128 
cocycle condition, 5 

for a sheaf, 137 
codistribution, 15 
coframe, 3 
cohomology, 128 

Chevalley-Eilenberg, 131 

de Rham 
abstract, 131 
of a manifold, 143 

with coefficients in a sheaf, 136 
complex, 128 

/c-exact, 128 

acychc, 128 

chain, 128 

Chevalley-Eilenberg, 131 

cochain, 128 

de Rham 
abstract, 131 

exact, 128 

variational, 98 
component of a connection, 37 
composite bundle, 9 
composite connection, 48 
connection, 37 

affine, 45 

composite, 48 

covertical, 50 

dual, 43 

fiat, 46 



hnear, 43 
world, 76 

on a graded commutative ring, 90 

on a graded manifold, 94 

on a graded module, 89 

on a module, 127 

on a ring, 127 

principal, 61 
associated, 69 
canonical, 64 

projectable, 48 

reducible, 41 

vertical, 50 
connection form, 38 

of a principal connection, 62 
local, 62 

vertical, 39 
conservation law 

weak, 102 
contact derivation, 101 

graded, 110 

projectable, 101 

vertical, 101 
contact form, 30 

graded, 108 

local, 24 
of higher jet order, 29 
contraction, 18 
cotangent bundle, 3 

vertical, 12 
covariant derivative, 41 
covariant differential, 41 

on a module, 127 

vertical, 49 
curvature, 42 

of a principal connection, 63 

of a world connection, 44 

of an associated principal connection, 69 

soldered, 42 
curvature-free connection, 46 
curve integral, 14 



INDEX 



151 



cycle, 128 
DBGA, 89 

de Rham cohomology 

abstract, 131 

of a graded manifold, 95 

of a manifold, 143 

of a ring, 133 
de Rham complex 

abstract, 131 

bigraded, 89 

of a ring, 133 

of exterior forms, 143 

of sheaves, 143 
de Rham theorem, 143 

abstract, 139 
density, 17 

density-dual bundle, 113 
density-dual vector bundle, 113 

graded, 114 
derivation. 127 
contact, 101 
projectable, 101 
vertical, 101 
graded, 87 

contact, 110 
nilpotent, 112 
right, 112 
derivation module, 127 

graded, 87 
DGA, 131 
differential 

covariant, 41 
vertical, 49 
exterior, 17 
total, 34 

graded, 108 
vertical, 34 
graded, 108 
differential calculus, 131 

Chevalley-Eilenberg, 132 



minimal, 133 

minimal, 132 
differential equation, 30 

associated to a differential operator, 31 
differential form, 33 

graded, 107 
differential ideal, 15 
differential operator 

as a morphism, 31 

as a section, 30 

graded, 86 

of standard form, 31 

on a module, 126 
direct image of a sheaf, 140 
direct hmit, 124 
direct sequence, 124 
direct sum 

of complexes, 129 

of modules, 122 
direct system of modules, 123 
directed set, 123 
distribution, 15 

horizontal, 37 

involutive, 15 
domain, 7 
dual module, 122 
dual vector bundle, 10 

Ehresmann connection, 39 
equivalent G-bundle atlases, 55 
equivalent G-bundles, 55 
equivalent bundle atlases, 6 
equivariant 

automorphism, 65 

connection, 61 

function, 65 
Euler-Lagrange operator, 99 
Euler-Lagrange-type operator, 99 
even element, 83 
even morphism, 84 
exact sequence 



152 



INDEX 



of modules, 123 
short, 123 
split, 123 
of vector bundles, 10 
short, 10 
split, 11 
exterior algebra, 125 

bigraded, 84 
exterior bundle, 10 
exterior differential, 17 
exterior form, 16 
basic, 17 
graded, 95 
horizontal, 17 
exterior product, 16 
graded, 84 
of vector bundles, 10 

factor 

algebra, 121 

bundle, 11 

complex, 129 

module, 122 

sheaf, 135 
fibration, 5 
fibre, 5 

fibre bundle, 5 
fibre coordinates, 6 
fibred coordinates, 5 
fibred manifold, 4 
fibrewise morphism, 7 
first Noether theorem, 102 

for a graded Lagrangian, 111 
first variational formula, 102 

for a graded Lagrangian, 111 
fiow, 14 

foliated manifold, 16 
foliation, 15 

horizontal, 46 

simple, 16 
Prolicher-Nijenhuis bracket, 19 



frame, 9 

holonomic, 3 
frame field, 74 

gauge 

algebra, 59 

algebra bundle, 59 

group, 66 

operator, 120 

parameters, 104 

transformation, 65 
infinitesimal, 66 
gauge natural bundle, 76 
gauge symmetry, 104 

/c-stage, 120 

first-stage, 120 

of a graded Lagrangian, 120 

reducible, 105 
general covariant transformation, 74 

infinitesimal, 74 
generalized vector field, 101 

graded, 110 
generating basis, 108 
geodesic, 80 
geodesic equation, 80 
geometric space, 139 
ghost, 118 
graded 

algebra, 131 

bimodule, 84 

commutative algebra, 131 

commutative ring, 85 
Banach, 85 
real, 85 

connection, 94 

derivation, 87 
of a field system algebra, 112 

derivation module, 87 

differential form, 107 

differential operator, 86 

exterior differential, 95 



INDEX 



exterior form, 95 
exterior product, 84 
function, 90 
interior product, 89 
Leibniz rule, 131 
manifold, 90 

composite, 106 

simple, 91 
module, 84 

free, 84 

dual, 85 
morphism, 85 

even, 84 

odd, 84 
ring, 83 
vector field, 92 

generalized, 110 
vector space, 84 

{n, m)-dimensional, 84 
graded- homogeneous element, 84 
grading automorphism, 83 
Grassmann algebra, 85 
group bundle, 65 

Heimholtz condition, 99 
holonomic 

atlas, 11 
of the frame bundle, 75 

automorphisms, 75 

coframe, 3 

coordinates, 3 

frame, 3 
homogeneous space, 52 
homology, 128 

homology regularity condition, 117 
horizontal 

distribution, 37 

foliation, 46 

form, 17 
graded, 108 

hft 



of a path, 39 

of a vector field, 38 
projection, 29 
splitting, 38 

canonical, 40 
vector field, 38 

ideal, 121 

maximal, 121 

of nilpotents, 85 

proper, 121 
image of a sheaf 

direct, 140 

inverse, 140 
imbedded submanifold, 4 
imbedding, 4 
immersion, 4 
induced coordinates, 11 
inductive limit, 125 
infinitesimal generator, 14 
infinitesimal transformation 

of a Lagrangian system, 101 
Grassmann-graded, 110 
integral curve, 14 
integral manifold, 15 

maximal, 15 
integral section of a connection, 41 
interior product, 18 

graded, 89 

of vector bundles, 10 
inverse image of a sheaf, 140 
inverse sequence, 125 

jet 

first order, 23 

higher order, 25 

infinite order, 32 
jet bundle, 24 

affine, 24 
jet coordinates, 23 
jet manifold, 23 



154 



INDEX 



higher order, 25 
infinite order, 32 
jet prolongation 
functor, 26 
of a morphism, 24 

higher order, 27 
of a section, 24 

higher order, 27 
of a structure group action, 60 
of a vector field, 24 

higher order, 27 
juxtaposition rule, 131 

kernel 

of a bundle morphism, 7 

of a difi^erential operator, 31 

of a vector bundle morphism, 10 

Koszul-Tate complex, 117 

Koszul-Tate operator, 117 

Lagrangian, 99 

degenerate, 115 
graded, 109 

variationally trivial, 99 
Lagrangian system, 99 

A^-stage reducible, 117 
finitely degenerate, 115 
Grassmann-graded, 109 
irreducible, 116 
reducible, 116 
leaf, 15 

left- invariant form, 54 

canonical, 54 
Leibniz rule, 127 

for a connection, 127 
Grassmann-graded, 89 

graded, 131 

Grassmann-graded, 87 
Lepage equivalent 

of a graded Lagrangian, 109 
Levi-Civita connection, 45 



Levi-Civita symbol, 17 
Lie algebra 

left, 52 

right, 52 
Lie algebra bundle, 59 
Lie bracket, 14 
Lie derivative 

graded, 89 

of a tangent-valued form, 20 

of an exterior form, 18 
Lie superalgebra, 86 
Lie superbracket, 86 
lift of a bundle, 70 
lift of a vector field 

canonical, 14 

functorial, 74 

horizontal, 38 
linear derivative of an affine morphism, 13 
linear frame bundle, 74 
local diffeomerphism, 4 
local ring, 121 
local-ringed space, 139 
locally finite cover, 137 

manifold, 3 

fibred, 4 
fiat, 78 

parallelizable, 78 
matrix group, 54 
module, 121 

dual, 122 

finitely generated, 123 
free, 123 
graded, 84 
locally free, 141 
of finite rank, 123 
over a Lie algebra, 130 
over a Lie superalgebra, 86 
projective, 123 
morphism 

of fibre bundles, 7 



INDEX 



of graded manifolds, 92 

of presheaves, 134 

of ringed spaces, 140 

of sheaves, 134 
Mourer-Cartan equation, 54 
multi-index, 25 

natural bundle, 74 
NI, 113 

Nijenhuis differential, 19 
nilpotent derivation, 112 
Noether identities, 115 
complete, 115 
first stage, 116 
non-trivial, 116 
trivial, 116 
first-stage 

complete, 116 
higher-stage, 117 
non-trivial, 115 
Noether theorem 
first, 102 
second 
direct, 105 
inverse, 118 

odd element, 83 
odd morphism, 84 
on-shell, 102 
open map, 4 

paracompact space, 137 
partition of unity, 137 

path, 39 

Poincare lemma, 143 
presheaf, 133 

canonical, 133 
principal 

automorphism, 65 
of a connection bundle, 66 
of an associated bundle, 69 
bundle, 56 



continuous, 57 
connection, 61 
associated, 69 
canonical, 64 
conjugate, 63 
vector field, 66 
vertical, 66 
product connection, 41 
proper cover, 6 
proper map, 4 
pull-back 
bundle, 8 
connection, 39 
form, 17 
section, 8 

vertical- valued form, 21 

rank of a morphism, 4 
reduced structure, 70 
reduced subbundle, 71 
reducible connection, 41 
representation of a Lie algebra, 53 
resolution, 128 

of a sheaf, 138 
restriction of a bundle, 8 
Ricci tensor, 78 
right derivation, 112 
right structure constants, 52 
right-invariant form, 54 
ring, 121 

graded, 83 

local, 121 
ringed space, 139 

section, 5 
global, 5 
integral, 41 
local, 5 

of a jet bundle, 24 

integrable, 24 
zero- valued, 9 



156 



INDEX 



Serre-Swan theorem, 141 

for graded manifolds, 91 
sheaf, 133 

acychc, 138 

constant, 133 

fine, 139 

locally free, 141 
of constant rank, 141 
of finite type, 141 

of continuous functions, 133 

of derivations, 140 

of graded derivations, 92 

of modules, 141 

of smooth functions, 133 
sheaf cohomology, 136 
smooth manifold, 3 
soldered curvature, 42 
soldering form, 20 

basic, 20 
soul map, 85 
splitting domain, 90 
stalk, 133 
strength, 63 

canonical, 64 

form, 64 

of a linear connection, 70 
structure group, 55 

action, 57 

reduction, 70 
structure module 

of a sheaf, 133 

of a vector bundle, 9 
structure ring of a graded manifold, 90 
structure sheaf 

of a graded manifold, 90 

of a ringed space, 139 

of a vector bundle, 141 
subbundle, 7 
submanifold, 4 
submersion, 4 

continuous, 6 



superspace, 86 

super symmetry, 111 
supervector space, 86 
symmetry, 103 

classical, 103 

exact, 103 

gauge, 104 

generalized, 103 

variational, 102 
symmetry current, 103 

tangent bundle, 3 

affine, 13 

vertical, 11 
tangent morphism, 3 

vertical, 11 
tangent prolongation 

of a group action, 53 

of a structure group action, 58 
tangent-valued form, 18 

canonical, 18 

horizontal, 20 
projectable, 20 
tensor algebra, 125 
tensor bundle, 11 
tensor product 

of Abelian groups, 122 

of commutative algebras, 122 

of complexes, 129 

of graded modules, 84 

of modules, 122 

of vector bundles, 10 
tensor product connection, 44 
torsion form, 42 

of a world connection, 44 

soldering, 78 
total derivative, 24 

graded, 108 

higher order, 25 

infinite order, 35 
total space, 4 



INDEX 



transition functions, 5 

G-valued, 55 
trivial extension of a sheaf, 140 
trivialization chart, 6 
triviahzation morphism, 6 
tubular neighborhood, 16 
typical fibre, 5 

variational 

bicomplex, 98 

graded, 108 
complex, 98 

graded, 108 

short, 100 
derivative, 99 
formula, 99 
operator, 98 

graded, 108 
symmetry, 102 

classical, 103 

of a graded Lagrangian, 111 
vector bundle, 9 

characteristic, 91 

dual, 10 

graded, 114 
vector field, 14 

complete, 14 

fundamental, 58 

generalized, 101 

graded, 92 

holonomic, 79 

horizontal, 38 
standard, 79 

integrable, 28 

left- invariant, 52 

parallel, 79 

principal, 66 

projectable, 14 
on a jet manifold, 28 

right- invariant, 52 

subordinate to a distribution, 15 



vertical, 14 
vector space, 122 

graded, 84 
vector-valued form, 21 
vertical automorphism, 7 
vertical splitting, 12 

of a vector bundle, 12 

of an affine bundle, 13 
vertical- valued form, 20 

weak conservation law, 102 
Whitney sum 

of vector bundles, 10 
world connection, 44 

affine, 80 

linear, 76 

on a tensor bundle, 44 
on the cotangent bundle, 44 
symmetric, 44 
world metric, 45 



